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We have fabricated and measured electrical transport properties of 

arrays of proximity-coupled superconductor islands as a function of 

temperature, magnetic field, and bias current for several geometries. 

The weakly-coupled arrays, a physical realization of the frustrated XY

model, show interesting behavior relating to phase coherence, 

fluctuations, and dynamics. Our samples display a broad transition to 

zero-resistance at a field-dependent temperature Te(H). Present theories 

explain the transition at Te (in zero field) as an unbinding of pairs of 

opposite-polarity vortices -- topological excitations in the phase of the 

order-parameter. Above Te the free vortices give rise to a d.c. voltage 

-- and therefore resistance -- in the presence of a current bias. The 

theoretical picture is less clear in the presence of. a magnetic field, 

where a background lattice of vortices adds frustration and the 

possibility of additional types of excitations. We observe minima (sub

minima) in the voltage V(H) at those fields producing a flux lattice 

(superlattice) approximately commensurate with the array. Reduction of 

the bias current produces additional such structure indicating an 

increase in the effective range of phase coherence. Further reduction of 

the bias gives rise to a seemingly random but reproducible V-vs.-H 

"fingerprint" of disorder in the array. Measurements on two-unit-cell 

periodic "checkerboard" and quasiperiodic Penrose arrays distinguish 

structure arising due to the irrational cell area ratios from that due to 
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fluxoid quantization over larger areas. The power-law dependence of the 

current-voltage characteristics as a function of temperature for the 

Penrose is generally consistent with the predictions for a Kosterlitz

Thouless transition at zero applied field, but show more complex behavior 

at finite fields. In square arrays we find the voltage noise follows 

V(H) at low bias currents, but shows peaks at the voltage minima at 

higher bias levels, suggesting current-induced unbinding of Ising-domain

wall excitations separating regions of different chirality at 

commensurate applied fields. Computer simulations of the time-stepped 

Resistively-Shunted-Junction equations for small arrays are discussed. 
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Chapter 1 


INTRODUCTION 


The advent of modern thin-film microfabrication techniques has 

opened up exciting possibilities for combining layers of differing 

electronic properties to achieve micron and submicron multi-structure 

devices that individually and/or collectively exhibit exotic behavior. 

In addition to forming the basis of many of today's microelectronics 

applications, these systems of interacting devices have come under 

scrutiny more recently as candidate physical models for the study of 

current themes in one- and two-dimensions. 

Here we study one such model system -- arrays of superconductor 

islands weakly-coupled through an underlying normal metal host. Each 

island is characterized by the phase of the superconductor order 

parameter, and interacts with neighboring islands directly through 

Josephson coupling, proportional to (minus) the cosine of the inter

island phase difference, and indirectly through the loop constraints that 

demand the phase wind by integral units of 2n around any closed path. 

These man-made "macro-crystals" are most simply described by the 2-D XV 

model of classical, planar spins. Originally conceived as a simplified 

physical system on which to model the resistive transition of thin 

superconductor films, arrays have more recently become of interest on 

their own merits. The ability to tailor-make arrays in an endless 

variety of geometrical patterns, sizes, and coupling strengths provides a 

unique opportunity to study phase transitions, phase dynamics, phase 
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coherence, and the effects of geometry, disorder, and frustration (Figure 

1.1) . 

In zero applied magnetic field the resistive transition of weakly

coupled periodic arrays is generally described by the Kosterlitz-Thouless 

(KT) vortex-unbinding picture. Here the interaction is ferromagnetic, 

and at T=O the spins align, with all inter-island phase differences 

equalling zero. The individual bond energies are all Simultaneously 

minimized. At finite temperatures phase fluctuations give rise to 

topological excitations -- phase windings of 2~ around mathematical 

Singularities in the order parameter. These vortex excitations occur in 

bound pairs of opposite polarity below the Kosterlitz-Thouless transition 

temperature Te' An unb-inding of pairs occurs at Te , accompanied by the 

appearance of a voltage as vortices of different polarity are now free to 

move in opposite directions perpendicular to the applied current. 

The ground-state configuration of phases and the nature of the 

resistive transition in the presence of a magnetic field is less well 

understood. Here the phase winding around a closed path has a 

contribution from the vector potential proportional to the enclosed 

magnetic flux. This extra phase shift in the loop constraints gives 

frustration to the system -- bond energies can no longer be 

simultaneously minimized. The ground-state consists of a lattice of 

field-induced vortices. Mean-field calculations and Monte Carlo studies 

predict local minima in the ground-state energy of periodic arrays for 

those values of field that produce a vortex lattice that is commensurate 

with the lattice of the array. Fluctuations at finite temperatures 

produce defects in the ground-state vortex arrangement, giving rise to 
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Figure 1.1 - Many types of 2-D systems may be studied with arrays 
of coupled superconductor islands. 
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the possible existence of extended ISing domain wall excitations 

separating regions of different chirality for those values of 

commensurate field that have multiply-degenerate ground-state vortex 

configurations. Incommensurate fields may possibly produce a glass-like 

behavior in arrays. 

In order to gain a better understanding of the static (ground-state) 

and dynamic behavior in arrays, we have conducted a series of 

measurements of resistance, voltage, and voltage noise as a function of 

applied field, temperature, and bias current for several geometries. We 

study the magnetic field response primarily to probe the ground-state 

vortex configurations through the Aharonov-Bohm-like magnetoresistance 

arising from long-range phase-coherence. By studying the resistive 

transition and voltage noise we gain information on the nature of phase 

fluctuations at different values of applied field. Computer simulations 

of the dynamic Resistively-Shunted-Junction (RSJ) model equations for 

small arrays elucidate the connection between static (zero-voltage) 

ground-state properties and the dynamics associated with a non-zero 

voltage. 

The ability to custom-design arrays provide a prime opportunity to 

investigate new effects associated with quasiperiodicity. Thus we have 

fabricated and measured quasiperiodic Penrose arrays as well as more 

ordinary periodic arrays. Figure 1.2 shows a square array containing 

250,000 plus-shaped superconductor islands, each coupled to 4 nearest 

neighbor islands, while Figure 1.3 displays a portion of the Penrose 

arrays containing 42,000 islands, each coupled to between 3 and 7 

neighboring islands. The Penrose has 5-fold long-range bond 
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Figure 1.2 - Photograph of a square array of Pb islands coupled 
through Cu interconnections. The length of a unit cell is 20pm. 
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Figure 1.3 - Photograph of a quasiperiodic Penrose array of 
superconductor islands with 30~m vertex spacing, and a longer-range view 
of the Penrose geometry. 
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orientational order but no translational symmetry, and is the 2-D analog 

of the recently-discovered local-icosahedral-symmetry quasicrystalline 

alloys. Associated with the Penrose array is an additional feature not 

found in the square arrays. Two unit-cells having an irrational area 

ratio give the Penrose an intrinsic geometric frustration, with every 

value of applied field yielding a unique competition between bond 

energies. 

We begin in chapter 2 with a brief overview of the literature 

leading to the present state of affairs in arrays. In chapter 3 we 

discuss theoretical concepts necessary for a basic understanding of array 

behavior. Chapter 4 deals with our sample fabrication and measurement 

techniques. 

The experimental results are presented and discussed in chapter 5. 

In square arrays we observe local minima "in the voltage-vs.-field V{H) 

curves for those values of field that produce a vortex lattice 

commensurate with the array. Additional minima are seen as the rate of 

vortex diffusion -- governed by the bias current -- is reduced, 

effectively increasing the range of phase-coherent effects. Further 

reduction of the current bias gives rise to a seemingly random but 

reproducible V-vs.-H "fingerprint" of disorder in the array, analogous to 

the conductance fluctuations associated with phase coherence in normal 

metal mesoscopic systems. Narrow square "ladder" arrays demonstrate the 

development in substructure with increasing number of cells in width. 

Measurements of V(H) for the Penrose yield good qualitative 

agreement with mean-field calculations of Nori, et al.,l for intermediate 

voltage levels, but show differences at lower levels. Fourier transforms 
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of the V(H) curves at high and low voltage demonstrate directly phase

coherent effects over increasing length-scales as the bias current is 

reduced. Fluxoid quantization over various combinations of the large and 

small unit cells reflect vortex ground-state configurations that attempt 

to match as nearly as possible the underlying quasiperiodic geometry. 

A "checkerboard" array having 2 unit cells similar to the Penrose, 

but arranged periodically, distinguishes structure in the Penrose due to 

the irrationally-related unit cell areas from that of longer-range phase 

coherence. At higher voltage the checkerboard displays behavior nearly 

identical to that of the Penrose, reflecting the presence of 2 unit 

cells, but not their arrangement. At low voltage the checkerboard 

differs markedly from the Penrose, displaying a competition between the 

irrational area ratio and the long-range periodicity. 

A study of the temperature dependence of the power-law current

voltage (I-V) characteristics of the Penrose provides weak evidence in 

support of our contention that the resistive transition is of the 

Kosterlitz-Thouless type at zero field. We see a hint of the expected 

jump from 3 to 1 in the current exponent aCT) as the temperature is 

raised through Te' At finite applied field we find more complex behavior 

not presently understood. 

Noise voltage measurements in the square array seek to probe 

temporal phase fluctuations directly. Here we find that the noise 

voltage as a function of field scales directly with the voltage at low 

bias current levels, again showing dips at the commensurate low-rational 

values of applied flux per cell. At higher bias current and voltage 

levels, however, the substructure dips give way to peaks in the noise. 
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We interpret this excess noise as evidence of Ising domain wall 

excitations associated with the configurational degeneracies in the 

vortex lattice at commensurate field values. 

In chapter 6 we apply the RSJ equations discussed in chapter 3 to 

arrays in order to model the dynamics. We present results of computer 

simulations on small arrays (la's of cells or less) that seek to clarify 

the relation between static properties commonly calculated by theorists, 

and dynamic properties measured in experiments. Coupling energy-vs.

field and voltage-vs.-field are found to show similar structure. Dynamic 

modes are fairly complex in even the smallest arrays. 

Finally, chapter 7 suggests what problems might be addressed in 

future studies of arrays. 
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Chapter 2 


HISTORICAL BACKGROUND 


In this chapter we briefly survey the literature surrounding the 

evolution of arrays. Several reviews are useful for gaining a general 

background. 2- 4 

The field began with an investigation by Kosterlitz and Thouless5,6 

(KT) of the destruction of long-range order in 2-D systems. They 

predicted a topological phase transition corresponding to the unbinding 

of vortex-anti vortex pairs having an energy proportional to the log of 

their mutual separation. A renormalization procedure7 was used to 

account for the screening effect of the overlapping bound pairs. The 

theory was expected to be applicable to a wide variety of 2-D systems 

including planar spins, melting,8 and helium films. The connection of 

the general theory to experiment was made by Ambegaokar, Halperin, 

Nelson, and Siggia9 and Ambegaokar and Teitel 10 for the case of 

superfluid helium films. Experimental verification came from Bishop and 

Reppy11. 

Application of the KT theory to superconductors was delayed because 

researchers thought that screening magnetic fields of the circulating 

currents associated with the vortices would cut the logarithmic 

interaction off at short distance, making the theory inapplicable. 

Eventually it was realized that high-resistivity thin film 

superconductors would have small enough currents that the logarithmic 

interaction would persist over typical sample sizes (lcm). The 
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predictions for helium films were then extended to superconductor 

films. 12- 15 Careful experiments on thin film superconductors have been 

in very good agreement with the KT picture. 2,16-18 However, one set of 

researchers took strong exception. 19 ,20 

In an attempt to test the theory in a system not suffering the gross 

non-uniformities typically obtained in very thin high-resistance granular 

films, researchers turned to arrays of junctions. Arrays could be 

fabricated with higher uniformity, and the lattice seemed a natural 

representation for applying an XV-model -- expected to give KT behavior. 

Lobb, Abraham, and Tinkham2I have translated the thin-film predictions to 
22 25arrays. Measurements on square - and triangle26 arrays have found 

good agreement with KT at zero magnetic field -- including dynamic 

(a.c.) measurements27 ,28 -- however, show different behavior in the 

presence of a field. The variation of array properties with field has 

been studied in square,29-3I triangular,32 fractal,33 and quasiperiodic 

geometries,34,35 The linearized mean-field equations36 for the XV-model 

on the array are found to be equivalent to the linearized Ginzburg-Landau 

equations on thin superconductor wire networks,37 thus predicting the 

same magnetic field dependence of the transition temperature for both 

systems. Several novel geometries have been investigated and generally 

agree with the theory.I,38-45 More recently, disorder has been studied 

in these systems. 46- 49 
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Chapter 3 


THEORETICAL CONCEPTS 


We begin by reviewing a few of the basic properties of 

superconductors and weak links, and then describe some simple models of 

superconductor arrays that are useful for sorting out the complex 

behavior of real arrays. Finally, we discuss methods of construction and 

properties of the Penrose tiling, necessary both for generating a real 

array and understanding phase-coherent effects within it. 

3.1 Superconductivity 

Although superconductivity was discovered in the early part of this 

century, the true basis for its remarkable existence remained a mystery 

until the mid 50's when Bardeen, Cooper, and Schrieffer (BCS) put forth 

their highly successful microscopic theory.50 Prior to this, 

descriptions of the superconducting state were based largely on 

phenomenological equations -- equations that were later corroborated by 

the BCS theory. The phenomenological approach, and in particular a 

theory by Ginzburg and Landau, remains a powerful supplement to the BCS 

framework, providing additional insight and often a simpler way to 

incorporate fields and spatial variations of material properties. A 

number a standard texts cover the basic principles of 

superconductivity.51,52 

A superconductor cooled below its thermodynamic transition 

temperature Teo exhibits the Meissner effect, expelling flux from the 
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bulk, and enters a state of zero resistance in which a current can flow 

with no applied voltage. The microscopic theory describes this 

transition as a condensation of many pairs of electrons into the same 

macroscopic quantum ground state. The condensation takes place as the 

result of a weak phonon-mediated attraction that pairs electrons near the 

Fermi surface having equal and opposite momenta. An energy gap opens up 

in the electronic excitation spectrum about the Fermi surface, where the 

minimum energy to convert a "Cooper-pair" of the condensate superfluid to 

two "normal electron" quasiparticle excitations is given by (twice) the 

temperature-dependent BCS gap parameter 2A{T). At low temperature (T-+O) 

where thermal fluctuations (of order kT) are small compared to A, there 

are few quasiparticle excitations, and the gap parameter approaches its 

maximum, A{O), with essentially all electrons participating in the 

ground state condensate. As the temperature is raised A decreases 

monotonically, but remains near its full T=O value until a sizable 

fraction of the electrons are excited into quasiparticle states, near 

TeO' A goes to zero at a transition temperature TeO = 2A/3.5k in the BCS 

theory. 

The macroscopic Ginzburg-Landau (G-L) theory (see review53 ) provides 

an additional perspective embodying the quantum mechanical nature of the 

condensate in a psuedo-wavefunction order-parameter ~ = 1~leie which 

obeys a Schroedinger-like equation. The G-L order-parameter ~ is 

proportional to the BCS gap parameter, and 1~12 is a measure of the 

superfluid density ns(T). The Ginzburg-Landau theory has expected 

validity near TeO' but is often found to give good results over a 

surprisingly large temperature range. The theory is based on a 
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minimization of the free-energy density expanded in powers of 1~12 and 

IV~12 . 
Two important length scales in a bulk superconductor are the 

coherence length e and the magnetic penetration depth A. The Pippard 

"zero-temperature" coherence length eo E a~vF/kTco gives the minimum 

spatial extent of a Cooper-pair, based on an uncertainty principle 

argument. Here a (= 0.18 in BCS theory) is of order 1 and vF is the 

Fermi velocity. Cooper-pairs are highly overlapping, with eo typically 

hundreds of angstroms or larger. The temperature dependent coherence 

length e{T) of the Ginzburg-Landau theory gives a measure of the 

characteristic distance over which the order-parameter can change without 

undue cost in energy, and is the length-scale of superfluid decay near a 

superconductor boundary. 

Magnetic fields penetrating a bulk superconductor decay roughly 

exponentially toward the interior over a length-scale of the penetration 

depth A. The screening out of the fields from the bu"lk is accomplished 

by supercurrents that flow in response to the fields. Thus the 

supercurrents are found in the same surface layer as the field 

penetration, and diminish exponentially over the same length-scale as 

well. 

Supercurrent flow in a bulk superconductor is related to the 

gradient of the order-parameter wavefunction and the vector potential A 

analogous to the current or momentum of an ordinary quantum-mechanical 

wavefunction. In general the amplitude of the order-parameter remains 

constant ("rigidity of the wavefunction") provided perturbing fields and 

temperature gradients are not excessively large. Then the superfluid 
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momentum, proportional to the supercurrent, is given by 

m*v = ~va + 2eA (3.1) 

and is linear in the phase gradient for a bulk superconductor. 

One of the more dramatic manifestations of macroscopic phase 

coherence is the phenomenon of magnetic flux quantization. For a wire of 

radius r»A the currents are confined to a layer near the surface of 

thickness =A. Then deep within the wire the superfluid momentum is 

nearly zero, and (3.1) gives va = -(2e/~)A. If the wire closes on 

itself to form a ring (Figure 3.1), then single-valedness of ~ (=I~lei9) 

requires that a return to itself modulo 2~ upon completing a circle. 

Thus, integrating along a current-free path around the ring yields 

-f Va'dl = ~e f A'dl = (3.2a) 

or (3.2b) 

where to =h/2e = 2.07 x 10-7 gauss-cm2 is the fundamental 

superconductor flux quantum. The flux t enclosed within the bulk 

superconducting ring is quantized in units of to' A ring cooled to 

below its superconducting transition temperature in a magnetic field will 

generate circulating currents that add or subtract flux to bring the 

total enclosed to an integral number of flux quanta. 

3.2 Weak links and the Josephson relations 

If two bulk superconductors are weakly coupled together, the 

supercurrent Is through the weak link is found to be periodic in the 
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Figure 3.1 - Flux quantization in a bulk superconductor ring.
Current flow is only significant within a magnetic penetration depth A of 
the surface (shaded). 
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phase difference across the link. This case is to be contrasted with 

strong coupling where the two superconductors behave as a single bulk 

superconductor, with a supercurrent linearly related to the phase 

difference. Josephson first predicted such behavior for oxide-barrier 

tunnel junctions. 54 He found that the current-phase relation (CPR) obeys 

(3.3) 

where Ie is the maximum supercurrent the junction can sustain, and 

211' J2 -::t- - A'dl (3.4)
to 1 

is the gauge-invariant phase difference across the junction. 

Subsequently, this relation was found to apply to a wide class of weak 

link structures including small microbridges and S-N-S junctions. 55-59 

A second Josephson equation relates the voltage drop across a weak link 

to the time evolution of the phase difference: 

. 
V = (1i/2e) q, (3.5) 

These two equations, combined with phase coherence along superconducting 

paths, successfully predict much of the behavior of superconducting 

circuits containing weak links. 

Of the two Josephson relations, it is the CPR that gives a weak link 

its individual character. The voltage-phase relation is of a more 

general nature, containing only fundamental constants, and derivable from 

basic quantum mechanical considerations. While the voltage-phase 

relation is believed to be exact and applicable to any superconducting 

structure, Josephson's sinusoidal CPR is only valid for the weakest 
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"ideal" weak links. Deviations from sinusoidal behavior have been 

predicted for many weak link structures, and in general the CPR has the 

form 

(3.6) 

where ~pr(¢) need only be periodic and odd in the phase. 60 The exact 

form depends on the nature and strength of the coupling, and on the 

detailed phase dynamics within the link. Also the critical current Ie is 

dependent on physical properties of the weak link: structure, geometry, 

and composition; and on environmental factors: temperature, and applied 

magnetic field. Thus the CPR contains a vast amount of information on 

the specific nature of a particular weak link, and is essential to any 

precise predictions of physical behavior. Several excellent reviews on 
61 62 63,64the properties of weak links ' and their interactions can be 

found in the literature. 

Josephson weak links have a coupling energy associated with the 

supercurrent proportional to minus the cosine of the phase-diffence 

across the junction: 

(3.7) 

where ~o == h/2e. For weak 1 inks in general, this energy can be 

understood as the energy a battery must supply in order to ramp the 

supercurrent associated with one phase to some value associated with 

another phase. Thus we have 

(3.8) 
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where we have used the general weak-link CPR and the Josephson voltage

phase relation in the final expression. 

Weak links can be formed as a narrow constriction of order e in a 

superconductor (microbridges), or by placing a normal barrier between two 

superconductors (junctions). Barrier thicknesses through which coupling 

can occur depend on the barrier material. Typical length-scales are A's 

for vacuum tunneling, 10's of A's for insulators, 100's to 1000's of A's 

for semiconductors, and ~m's for normal metals. 

3.2.1 S-N-S junctions 

The superconductor islands in our arrays couple through an 

underlying normal-metal film, thus forming a network of S-N-S junctions. 

Cooper pairs diffuse across the superconductor-normal metal interface, 

allowing superconductivity to exist over short distances in the normal 

metal, a phenomenon known as the "proximity effect". The superfluid 

density decays into the normal metal roughly exponentially over a length

scale given by the normal metal coherence length eN (see Figure 3.2), and 

is depressed from its full-strength value in the superconductor over the 

usual length-scale given bYe. If the normal metal gap separating the 

two superconductors is not too wide, then the order-parameters on either 

side become coupled, and the junction can support a supercurrent in the 

presence of a phase difference. 

Proximity-effect junctions differ from the usual Josephson tunnel 

junctions by their inherently low normal-state resistances (10's of 

mill i-ohms for ours) that effectively "short out" charging and hysteretic 

effects associated with capacitance and large normal-state resistance. 

While the simpler behavior and easier fabrication make S-N-S junctions 
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Figure 3.2 - S-N-S weak link. (a) Proximity-coupling across the 
normal-metal gap. (b) Circuit element schematic and the Josephson 
relations governing its behavior. 
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desirable candidates for array studies, the temperature dependence of the 

coupling energies (critical currents) are much stronger than those in 

tunnel junctions, thus complicating the behavior. The critical current 

of S-N-S weak links is approximately given by:65 

(3.9) 


where d is the normal-metal gap length, and €N(T) is proportional to T-~. 

The coupling strength increases as the temperature is lowered. The 

behavior of Pb-Cu-Pb junctions have been investigated by Clarke. 66 

3.3 Weak-link vs. bulk behavior 

What does it mean to go from weak-link behavior to bulk

superconducting behavior? The question is difficult, addressing the 

nature of superconductivity at its most fundamental level. The current

phase relation packages the properties of a superconducting element into 

a discrete "black box" description, hiding the detailed interactions that 

give rise to it. Calculations of CPR's have been made based on 

theoretical models of simple "special-case" weak links, and direct 

measurement has been limited, especially for more strongly-coupled weak 

links, due to the difficulty in ramping the phase difference stably over 

the full curve. A full understanding of this intermediate-strength 

coupling regime will require further efforts. 

A connection between weak and bulk behavior might be hinted at by 

noting that in certain regimes one begins to look like the other. For 

currents small compared to the critical current, the CPR of a weak link 

is approximately linear in ~, and thus behaves as a bulk superconductor. 
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If a Josephson weak link could be made with a critical current of 

comparable magnitude to the adjacent superconductor, it would be 

virtually indistinguishable from the bulk. 

Approaching the problem from the other end, we consider a 

superconductor rod that is constricted in a short region. The phase 

gradient, proportional to the current density, increases much more 

rapidly with current in the constriction. As the phase approaches a rate 

of change of 2~ over a distance of the order of e, the magnitude of ~ 

decreases, and Ie is rapidly reached. Increasing the current bias 

further causes I~I~O, at which point a voltage develops (time dependence 

enters), the supercurrent is replaced by normal (quasiparticle) current, 

and the phase difference across the constriction "slips" by 2~. This 

puts the phase gradient below critical, and the supercurrent grows again. 

Thus, the supercurrent modulates in time as the phase difference evolves, 

much like a weak link. Phase-slip mechanisms and other time-dependent 

phenomena are only partially understood. 67 

3.4 Fluxoid quantization 

We now consider the effect of placing weak links or constrictions in 

a superconducting circuit. We have seen that single-valuedness of the 

order-parameter requires that the macroscopic phase evolve by 2~n around 

a loop, resulting in quantization of flux in a bulk superconducting ring 

(Figure 3.1). This result relies on integrating along a path deep within 

the superconducting material where the superfluid velocity Vs of equation 

(3.1) is negligible. If the ring has constrictions where the radius of 

the wire forming the ring becomes comparable to or smaller than A, then 
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such a path does not exist. Fields penetrate and currents flow 

throughout the whole cross-section, and one must generalize the loop 

equation (3.2a) by including a phase contribution from any non-zero 

supercurrent density ls along the chosen path of integration: 

271' [i 7 -:t m* i ls· dT 1= (3.10)+0 :r A·d I + (2e)2:r lW]Z 

The quantized phase integral -§V9·dT = 271'n no longer implies 

quantization of flux but rather of the fluxoid (in brackets above), a 

quantity introduced by F. London. 

We now add a weak link to the ring (Figure 3.3). The phase integral 

now consists of contributions from the vector potential and supercurrent 

density around that part of the loop not containing the link, plus the 

discrete phase drop 91 - across the link. This phase drop can be92 

expressed as the sum of a gauge-invariant term ~12 == (91 - 92 ) - A12 and 

the contribution from the vector potential 

2
271' 17== T wdT (3.11) 

o 1 
(across link) 

Thus we have 

271'n = (3.12) 

The first and last term sum to complete the ~ntegral of the vector 

potential around the loop. The phase contributions from the current 

density -r
J s along any constrictions can be lumped together and labeled ~j' 
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Figure 3.3 - Fluxoid quantization in a ring with a constriction and 
a weak link. Contributions to the phase-sum along the center path of the 
loop come from the flux, from any regions having current flow (shaded),
and from the weak-link (which is treated as a "black box"). Note that 
the gauge- i nvari ant phase-di fferences rp12 and rpj are independent of thei r 
endpoint positions within the current-free region. 
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yielding 

(3.13)2ft'n 

The generalized fluxoid now consists of 3 terms: 1) a real flux 

t = t a + LJ from the applied field and any generated circulating 

currents, 2) a fluxoid phase-contribution (to/2ft') ~j = LKJ from 

current concentration in a bulk superconductor that may be interpreted as 

arising from a kinetic inductance, and 3) a contribution 

(to/2ft') ~12 = (to/2ft') I;1(~12) from each weak 1ink obtained by 

inverting the periodic current-phase relation (3.6). 

The non-flux terms (2) and (3) above are extreme special cases 

(bulk-like and weak-link-like) of a general current-phase relation. A 

superconducting circuit may be divided into segments, each characterized 

by its own CPR ranging from linear to nonlinear to pure sinusoidal. How 

one partitions the circuit in order to sum the phase contributions to 

fluxoid is entirely a matter of convenience. 

3.5 Weak link dynamics: the RSJ model 

The behavior of simple superconductor circuits containing Josephson 

weak links has been successfully predicted using a Josephson circuit 

element model originally proposed by McCumber68 and Stewart. 69 The 

Resistively Shunted Junction (RSJ) model, shown schematically in Figure 

3.4a, consists of an ideal Josephson element, obeying the Josephson 

relations, in parallel with a capacitance C and a resistance R. The 

total current bias I is then given by the sum of the currents through the 
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Figure 3.4 - The Resistively Shunted Junction (RSJ) model. 
(a) Schematic. 	 (b) Washboard potential in units of Ic+o/2~. 
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three components: 

I = C (dVjdt) + VjR + Is (3.14) 

. 
Substituting in for the voltage V = (toj2~) ~ and for the supercurrent 

Is = Iccos ~ from the Josephson relations yields the dynamic equation in 

terms of the gauge-invariant phase drop ~ across the weak link: 

to d2m 1 to M (3.15)I == C 2~ (f£t + R2~ dt 

The dynamics of this equation are most easily visualized in terms of 

a mechanical analogy. Expressing (3.15) as 

C ~~f = - h~ (3.16) 

where 

(3.17) 

yields the analogous equation of motion for a particle of mass C and 

position coordinate ~ moving through a viscous medium in the washboard 

potential (3.17) of Figure 3.4b. The time-dependent voltage drop across 
. 

the RSJ is then proportional to the particle's velocity~. The washboard 

potential consists of a sinusoidal term superimposed on a linear term 

whose slope is proportional to the current bias I. Increasing this 

current thus gives the washboard a steeper tilt, leading in general to 

faster particle velocities (ie, higher junction voltages). 

Consider the time-dependent voltage of an RSJ for different current 

biases in light of the washboard analog. At zero bias current the 

particle sits at the bottom of one of the troughs (Figure 3.4b) at 
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position ~ = 0 (modulo 2~). As the bias is stepped up, the washboard 

becomes tilted, and the particle comes to rest at the new local minimum 

with 0 < ~ < ~/2. The d.c. voltage remains zero until the bias current 

is increased just past the critical current of the junction, at which 

pOint the well holding the particle vanishes (I = Ie' ~ = ~/2), spilling 

the particle into a free-running (voltage) state. For a heavily damped 

junction, such as one of our proximity-coupled S-N-S weak links, the 
. 

capacitance can be neglected; the velocity ~ of the "mass-less" particle 

is then directly proportional to the slope of the potential curve. As a 

result the particle speeds down the steeper sections, while spending 

relatively more of its time plodding over the flatter stretches. For low 

bias currents slightly greater than critical, the time dependent voltage 

thus appears as short-duration voltage spikes with a large duty-cycle. 

Figure 3.5 shows how the time-dependent voltage changes with bias 

current. The voltage peaks occur at the fundamental Josephson frequency 

vJ = (V)/to' where (V) is the time-averaged (d.c.) voltage, and to =h/2e 

is the superconductor flux quantum. As the bias current is increased, 

the washboard is tilted further and the particle slides over the bumps in 

the potential at a faster rate. The voltage peaks occur more frequently, 

in proportion to the higher d.c. level, and the harmonic components at 

multiples of the Josephson frequency decrease in strength relative to the 

fundamental. The oscillations become very nearly sinusoidal as the d.c. 

voltage becomes large compared to the (fixed amplitude) a.c. voltage 

excursions. In the washboard picture this corresponds to very large tilt 

where the sinusoidal ripples in the potential give relatively small 

deviations to the steep slope. The particle therefore moves at a rapid 
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Figure 3.5 - Time-dependent voltage of the overdamped RSJ for 
several values of current bias. 
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and almost constant speed. At constant speed the ripples would appear to 

the moving particle as a sinusoidally time-varying slope, and this in 

turn would give the particle a temporally sinusoidal component of speed. 

Self-consistently, the high-current biased junction displays a nearly 

constant voltage with a nearly sinusoidal, small a.c. component. 

Since the Josephson frequencies associated with typical measurement 

voltages are rather high, = 483.6 MHz/~V, one usually measures a timevJ 

averaged voltage corresponding to the d.c. levels of the curves in Figure 

3.5. The mean voltage versus bias current, or "I-V characteristic", for 

the RSJ circuit are usually obtained by solving the 2nd-order, non-linear 

differential equation numerically. However, in the case of negligible 

capacitance the equation reduces to 1st-order, and one obtains 

analytically the I-V shown in Figure 3.6: 

V = 0 I < Ie 
(3.18) 

V = R (1 2 - In%, I > Ie • 

The effect on the I-V's of adding capacitance is seen by reverting 

back to the washboard analog, where the particle is now given mass. 

Whereas with no mass the particle's velocity through the viscous medium 

is always equal to terminal velocity for that slope of the potential, a 

particle with mass has a lag in its response to a change in the terminal 

velocity. Instead of dissipating instantaneously the energy associated 

with moving down the potential, the particle is able to store some of it 

as kinetic energy. The main modification to the I-V is the appearance of 

hysteresis, shown in Figure 3.7 for an actual Josephson tunnel junction. 

As the washboard ;s tilted the particle slides out of the (disappearing) 
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well at the same critical tilt as before, but now upon reducing the tilt 

below critical the particle remains in the free-running mode, using its 

momentum to punch over previously insurmountable hills. 

The parameter Pc =2wIcR2C/To characterizes the amount of hysteresis 

a Josephson junction will display. Pc gives the ratio of the resistance 

to the impedance of the parallel capacitor at a characteristic Josephson 

frequency IcR/To' For Pc < 1 the size of the a.c. currents through the 

capacitor are small compared to those in the resistor, and hysteresis is 

minimal. Josephson tunnel junctions, which are inherently hysteretic, 

are often shunted with an external resistor for those applications where 

hysteresis would be a problem. Superconductor-Normal metal

Superconductor (S-N-S) junctions are already hysteresis-free since the 

normal metal provides an intrinsic low-resistance shunt. 

The basic RSJ equation gives good agreement with experimental 

observations for a wide range of junction types and parameters, and is 

expected to be valid for our proximity-coupled junctions. However, the 

range of validity and accuracy of the model can be extended even further 

by including effects that are neglected in the simple assumptions behind 

the model. In particular, quantum and thermal phase fluctuations, which 

tend to suppress the observed critical current, are ignored. The 

semiclassical model assumes that the phase can be treated as a point 

particle, when actually it is a quantum mechanical operator obeying an 

uncertainty principle. The particle in the washboard potential should 

therefore be treated as a wave packet (with spatial extent in the 

coordinate ¢) having zero-point energy fluctuations and a finite 
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probability of tunnelling out of the well. This example of "macroscopic 

quantum tunnelling" is of great current interest. 70 ,71 

The failure of the RSJ model due to quantum effects occurs at low 

temperatures for weakly-damped (~e » 1), small-capacitance junctions 

where charging energies of order e2/C are comparable to the Josephson 

coupling energy EJ • For strongly-damped junctions the major source of 

phase fluctuations is thermal noise (from the shunt resistance, for 

example), which can give the particle enough energy to escape over the 

potential barrier at sub-critical bias current. These and other 

fluctuation sources can be corrected for in the RSJ model by adding a 

noise current, of the appropriate spectral density, in parallel to the 

RSJ. This appears in the washboard picture as a jitter in the tilt. A 

prominent manifestation of noise72 ,73 is a reduction in the measured 

critical current and the rounding of the I-V about the switch from zero 

to finite voltage (Figure 3.8). 

Other enhancements to the RSJ model include replacing the constant 

resistance -- valid for externally-shunted or SNS junctions -- with the 

voltage-dependent quasi-particle resistance of a tunnel junction. 

Likewise, dependencies of the RSJ parameters on temperature and magnetic 

field can be explicitly incorporated, as can modifications to the 

functional form of the Josephson current-phase relation, Is = Iesin ~, 

for non-ideal weak links. But for predicting much of the dynamic 

behavior of weak link junctions the basic RSJ model does admirably well, 

and its washboard analog serves as a useful tutorial aid for 

conceptualizing this behavior. For further study, we refer the reader 
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to several good books that survey the physics and applications of weak 

links and the Josephson effects. 74- 76 

3.6 The d.c. SQUID 

Having discussed the basic circuit element in a Josephson junction 

array, we now consider the consequences of placing multiple weak links in 

a superconductor network having multiply-connected loops. We begin by 

reviewing the behavior in terms of the RSJ model of one of the Simplest 

junction arrays -- the two-junction interferometer -- as background for 

discussing the experimental results of chapter 5. We continue along 

these same lines in chapter 6 where we apply the RSJ model to small 

arrays in computer simulations of their dynamic behavior. 

Extensively studied,77-89 the d.c. SQUID (Superconducting Quantum 

Interference Device) is a unique application of superconductivity of 

great technological importance. The critical current and voltage across 

a SQUID modulate with applied magnetic field analogous to the Aharonov

Bohm effect in submicron normal metal rings,90 making the SQUID one of 

the most sensitive detectors of magnetic flux change known to man. This 

capability in turn allows measurement of small currents, voltages, and 

any other quantity that can be directly or indirectly referenced to a 

flux. 88 ,89 As one might anticipate, the electrical properties of our 

weak-link arrays, consisting of many SQUID-like rings, modulate with 

applied field likewise. Thus it is instructive to study the SQUID as a 

precursor to discussing the magnetic-field response of arrays. 

The idealized SQUID consists of two weak links in an otherwise bulk

superconducting rings of inductance L, as shown in Figure 3.9. A bias 
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Figure 3.9 - The symmetric d.c. SQUID. 
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current feeds the parallel combination of junctions. We consider the 

case of the symmetric SQUID where the two junctions are identical, as are 

the inductances of the two legs of the loop. 

3.6.1 Static behavior 

The static (zero-voltage) behavior of the SQUID is obtained by 

finding those phase differences ~1 and ~2 that simultaneously satisfy 

current conservation and fluxoid quantization for a given current bias I 

and applied flux ta through the loop. Current conservation gives 

I = II + 12 = Ic(sin ~1 + sin ~2)' Fluxoid quantization gives the 

constraint on the total phase change around the loop, and is analogous to 

the Bohr-Sommerfeld quantization condition of electron momentum in atomic 

orbitals. Contributions to the phase drop around the loop come from the 

junctions and from the total magnetic flux threading the loop. The total 

flux, consisting of an externally applied component ta plus the self

generated flux LJ from the net circulating current J = (12 - 11 )/2, 

evolves the phase by 2w for each flux quantum to' Thus we have for the 

phase constraint: 

2wn = ~1 - ~2 - 2w(ta + LJ)/to (3.19) 

Note that in the absence of the junctions the bulk superconducting ring 

must generate circulating currents that screen (or add to) the applied 

flux to yield an integral number of flux quanta in the ring; in this case 

we have actual flux quantization. 

The critical current (maximum allowed SQUID current bias for V = 0) 

as a function of applied flux is shown in Figure 3.10 for several values 

of ~ =2LIc/to. The solutions are periodic in applied flux with a 
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periodicity of to' and are also symmetric about (n+!)to' For zero 

applied flux equal current flows through each junction, and the junction 

phases ramp together with increasing bias current. The critical bias 

current occurs at I = ±2Ic ' the sum of the individual junction bias 

currents, with ¢l = ¢2 = ±~/2. The SQUID critical current for ta t 0 (or 

nto> is always less than 21c; the junction phase drops must now be phase

shifted from one another by 2~(ta + LJ), thus precluding simultaneous 

critical currents in the individual junctions. For ~ = 0 and ta = t o/2, 

the phase-shift of ~ results in zero net critical current. Here the 

junctions are each supporting their maximum supercurrent, but in opposite 

directions. The phase-shift for ta t 0 in general results in net 

circulating supercurrent at the expense of net transport critical 

current. 

The ~~O curve of Figure 3.10 is valid for all ~(= 2Llc/to) if we 

relabel the x-axis as tT =ta + LJ. The effect of increasing inductance 

(ie, ~) is to allow a reduction of the total enclosed flux from that 

applied, via the screening self-fields of the circulating current. Then 

the critical current for an applied flux ta is that critical current on 

the ~=O curve corresponding to a reduced flux t~ = ta + LJ. The net 

effect of adding loop inductance is a (non-linear) stretching of the ~=O 

curve toward higher tao Thus for a given ta the critical current 

increases with ~, while the modulation depth of the whole curve decreases 

with increasing ~. 

3.6.2 Dynamics 

The dynamic, non-zero voltage behavior of a d.c. SQUID can be 

understood by incorporating the RSJ model for each of the junctions in 
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the superconducting ring (Figure 3.11). The two RSJ equations are then 

coupled by the current conservation equations at each node, and by the 

loop phase constraint. At any instant the phases across the junctions 

again differ from one another by a phase shift proportional to the total 

flux, but now the phases are evolving in time at a rate proportional to 

the instantaneous voltage across each junction. The phase-dependent 

supercurrents through the junctions are varying in time, so for a 

constant current bias the normal currents through the shunt resistances 

-- and therefore the junction voltages -- must also vary. The total flux 

through the loop has a contribution from the circulating component of 

current J, and is therefore modulating in time also. The conceptually 

simple RSJ equations describing two isolated junctions can give rise to 

rather complex dynamics when coupled together, especially if one 

incorporates moderate loop inductances, shunt capacitance, parameter 

asymmetries, modified current-phase relations, or noise into the 

analysis. 

As with the single junction RSJ model, it is useful to envision the 

behavior of the SQUID in terms of a particle in a washboard potential, 

but now in two dimensions rather than one. For the case of a symmetric 

SQUID the potential takes the form: 

(3.20) 

where the additional term LJ2/2 not found in the single junction 

potential is the magnetic energy of the circulating current J in the 

SQUID. 
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Figure 3.11 - Schematic of the overdamped, symmetric d.c. SQUID. 
The dynamics equations supplement the constraint equations of Figure 3.9 
in determining the time-dependent behavior of the SQUID. 
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J as a function of the phases is determined from the phase 

constraint requirement that the difference in ~l and ~2 is the phase 

contribution (modulo 2~) from the total flux enclosed: 

= 2~ (LJ + -P )-Po a (3.21) 

Thus we have 

(3.22) 

where f = -Pa/-PO' known as the frustration factor, is the fraction of 2~ 

phase-shift around the loop due to the applied flux, and ~ =2L1c/-Po is 

a dimensionless measure of the magnetic screening ability of the SQUID. 

Figure 3.12 shows some example cases of the 2-D washboard potential 

(3.20). Increasing the bias current corresponds to tilting the washboard 

so the phase-particle generally moves down the "valley" in the increasing 

~l and ~2 direction. The potential consists of a tilted plane of 

periodically spaced "molehills" (two orthogonal-coordinate 1-D RSJ 

potentials) superimposed on a parabolic valley that represents the 

interaction potential imposed by the phase constraint. 

For small ~ {inductance}, the J2 interaction term is strong and 

results in steeply rising valley walls. The particle is then confined 

within the ~l -~2 plane to very small excursions about the line 

~l = ~2 + 2~f defining the valley floor, essentially forced to "take the 

bumpy path" directly over any molehills in its way. Note that the effect 

of applying an external flux is to shift the valley by 2~f relative to 

While for small ~ the valley potential rises many times the height 

of a molehill over phase distances of the size of the molehill (ie, 2~), 
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for large ~ the opposite is true. The resultant potential for large 

inductance is a gradually rising parabolic valley pimpled with molehills. 

The particle can now meander through the low energy troughs between the 

molehills -- away from the center path of the small ~ case -- with very 

little energy cost from the interaction potential. For particular sets 

of parameters there now exists the possibility of multiple dynamic modes 

corresponding to distinct paths down the potential. 

In Figure 3.13 we plot the time-averaged SQUID voltage versus 

applied flux at several current biases for ~ = 0.1 and ~ = 6, obtained 

by time-stepping the coupled, non-linear, overdamped RSJ equations 

describing a symmetric SQUID. The correlated dynamic evolution of the 

two coupled RSJ's roughly preserves the same functional form of the I-V 

as that found for a single RSJ, with the critical current now a function 

of the applied flux: 91 

(3.23) 

Thus the voltage modulation with applied flux is seen to decrease with 

increasing current bias (Figure 3.14). 

3.7 Arrays of weak links 

3.7.1 XV model 

Arrays of weak links in a transverse magnetic field are most simply 

described by the uniformly-frustrated XV model. Here the Hamiltonian H 

is just the sum of the Josephson coupling energies over all 
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nearest-neighbor bonds: 

H = -EJ L cos(8i-8j-A jj ) (3.24)
<ij> 

where 

= 21( JjA'dl (3.25)
~o . 

(across 11 ink) 

(A commonly used gauge is A= BxY.) Currents in the weak links and 

superconductor islands are assumed to be sufficiently small that only the 

applied field contributes to the total flux within a plaquette (unit 

cell). Then the sum of the Aij'S around a plaquette is required to be 

equal to 21(f, where the frustration f is the applied flux per unit cell 

in units of ~o: f==~/~o' This prescription results in the fluxoid 

quantization condition of Figure 3.15, where the gauge-invariant phase 

drops are gi ven by tP\j == 8i - 8j - Au' The Hami ltoni an His seen to be 

periodic in f with periodicity 1, and symmetric about f=n+1/2. 

An i so1 ated vortex center for zero app1 i ed fl ux and T=0 cons i sts 

of a plaquette around which the phase changes by 21(. For uniform 

coupling the 4 junctions around the plaquette will each have a phase drop 

of 1(/2. Here the circulating supercurrent around the immediate unit 

plaquette is equal to the critical current of a single junction. 

If one now considers a path encircling the vortex center at a radius 

r»a (== lattice spacing), then the 21( phase change around the circle 

is now spread over many junctions. At large r the phase difference 

across a weak link is given by the angle subtended by the radius vectors 
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extending out to the island centers. This angle falls off like 1/r. The 

coupling energies (cosine functions) can be expanded for these small 

phase differences, and falloff at large r like 1/r2. Summing these 

coupling energies over the whole array gives a total coupling energy for 

the single isolated vortex that is proportional to the log of the size 

(radius) of the system. (The supercurrent density falls off like 1/r for 

large r, likewise yielding a total superfluid kinetic energy proportional 

to the log of the system size.) 

Thus for an infinitely large array at zero (or sufficiently low) 

temperatures the energy for creation of a single isolated vortex is 

infinite. Eventually at high enough temperature the free energy of an 

isolated vortex changes sign (the entropy is also proportional to the log 

of the system size), and free vortices can exist. Below this Kosterlitz

Thouless transition temperature vortices can only exist as bound pairs of 

opposite polarity, with an energy proportional to the log of the pair 

separation. 

The Hamiltonian (3.24) can be mapped onto a Coulomb gas problem on a 

dual lattice with charges n-f, where n (= 0 or 1) is the integer 

vorticity and f represents the uniform background charge due to the 

field. 92 ,93 The ground-state has charges 1-f and -f in relative 

numbers to maintain total charge neutrality. Figure 3.16 shows ground

state lattices for several rational f representing vortex configurations 

commensurate with the array. Each circle represents a charge 1-f 

corresponding to a vorticity of 1, while each empty box represents a 

charge of -f with vorticity o. Ground-state energies show relative 
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Figure 3.16 - Ground-state vortex configurations for several low 
rational values of f. 
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minima with respect to field at these low rational values of f producing 

the relatively stable commensurate vortex patterns. 

The commensurate ground-state vortex lattices at rational f have a 

configurational degeneracy corresponding to translations of the lattice. 

For example, the vortex lattice at f= 1/2 can populate a checkerboard on 

either the black squares or the red squares. At finite temperatures 

phase fluctuations are expected to give rise to domains of different 

chirality -- i.e. the vortices occupy black squares in one region and red 

in another. These regions are separated by extended ISing domain wall 

defect structures92 ,94,95 giving rise to a non-universal behavior at the 

resistive transition. 96 We illustrate an Ising domain wall excitation in 

Figure 3.17. At incommensurate fields the picture is less clear, with 

the possible existence of a metastable glassy phase. 97 ,98 

3.7.2 Mean-field calculations 

A useful mean-field approximation for calculating the thermodynamic 

properties of the idealized array Hamiltonian (3.24) has been developed 

by Shih and Stroud. 36 ,99 Although mean-field treatments of lower

dimensional systems where fluctuations are important are not expected to 

give a very realistic picture, the results are often useful for a 

qualitative explanation of experimental results, and for comparison with 

more exact theoretical methods. 

One begins with an array of N coupled islands and writes down the 

classical partition function from which all thermodynamic properties 

derive: 

(3.26) 
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Figure 3.17 - Vortex configuration for f = 1/2 showing regions of 
different chirality separated by an Ising domain wall excitation. 
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Here P=l/kT. The expectation value of an operator 6(81 , ••• ,8N) within 

the canonical ensemble is just a sum over the states in phase space of 

the value of the operator weighted by the thermal (Boltzmann) probability 

of being found there: 

(3.27) 

The simplifying approximation is to replace the exact Hamiltonian with an 

effective one, 

-EJ L [cosO i (cos(Oj+A ij» + sin8; (sin(8 j +Ajj»] (3.28) 
<ij> 

where each ith spin (representing the order parameter ;;=exp(i8 j ) in the 

complex plane) is allowed to interact freely but with a background of 

fixed neighboring spins whose amplitudes and phase factors are set to 

their self-consistently determined, ensemble-averaged values 

nj = (exp(iO j ». Substituting Heff for H in (3.27) and (3.26), and 

letting 6 = exp(i8;) in the modified (3.28) yields a set of N non

linear complex equations for the expectation values nj of the order 

parameter on the ith island in terms of the nj'S of the nearest-neighbor 

islands to which it is coupled: 

= (3.29) 

where 10 and Ii are modified Bessel functions, and 

(3.30) 

The above expression for nj can be understood quite simply. The 
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ith island can minimize its interaction energy (- -cos(Di-Dj-Aij » 

with a jth neighboring island by aligning its spin with that of the 

neighbor's except rotated in the complex plane by the phase factor 

exp(iA jj ). For no applied field this phase factor is unity, and the 

islands can minimize every bond energy simultaneously by aligning all 

spins in the same direction. This happy coincidence of minimum total 

system and individual bond energies does not generally occur in the 

presence of a non-zero vector potential. An island finds that the 

energetically preferable direction of alignment with respect to one 

neighbor differs from that of another neighbor. The magnetic field has 

induced frustration into the system, and a compromise between competing 

bond energies that minimizes the total energy must be found. 

Equation (3.29) represents just such a compromise within the mean

field framework. As one might expect, the ensemble-averaged spin of the 

;th island ~i is aligned with the sum (or average) of the vector

potential-rotated, ensemble-averaged, neighboring spins ~jexp(iAij)' 

Thus the ith spin can be thought of as interacting with a single, fixed 

effective-spin exp(iDeff) =hi/lhil, having a coupling strength of 

Ihil, and no vector potential present. Letting u be the phase Dj 

relative to Deff' u =D i - Deff' equation (3.29) then follows easily 

from 

~i = (exp(iDj» = exp(iD~f)(exp(iu» 
exp( iDeff) [J du exp( iu) exp(p Ihi! cosu) ]1 [Jdu exp(P! hi! cosu) ] . 

(3.31) 

It should be stressed that a mean-field analysis works best when 

fluctuations are small so that the assumption of each spin interacting 
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with a set of frozen neighboring spins is not far from the truth. The 

mean-field thermodynamics of a given spin's interaction with neighbors is 

only affected by neighboring fluctuations through their resultant 

reduction in effective coupling strength. The detailed form of the 

fluctuations and the resultant corrections to spin-spin correlations are 

thus ignored. 

As the temperature approaches zero, thermal fluctuations do become 

negligible, the magnitudes of the n; 's approach unity, and the mean-field 

results are exact. Equation (3.29) can now be solved for the ground 

state spin configuration, and from this one can sum the bond energies to 

obtain the ground state energy. Unfortunately, though, there are other 

solutions to (3.29) corresponding to configurations of higher energy. If 

the system size N is not too small, then there may be many different 

configurations with energies very close to the ground state, a common 

feature of frustrated systems. 

At higher temperatures the thermal distribution of each spin 

broadens, and so the ni's are reduced. This in turn weakens the 

effective mean-field interaction between spins, causing a further 

broadening of spin distributions and reduction in nj's. At some critical 

temperature Te, all non-trivial solutions to (3.29) vanish. This mean

field superconducting-to-normal transition temperature is of limited 

value as an absolute number, but is useful as a gauge of the relative 

effects of changing a parameter such as applied magnetic field. 

Near Te one can make a simplifying approximation to the general 

mean-field equations (3.29). When the ni's become sufficiently small, 

one can expand the Boltzmann factor in equations (3.26) and (3.27) as 
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exp(-/JHeff ) =- l-/JHeff • The result is the linearized mean-field 

equations: 

(/J/2) ~' EJ exp( iAij) 1]j (3.32) 
J 

The equations can be solved as an eigenvalue problem where the largest 

eigenvalue f=1//J corresponding to a non-trivial solution set of 1]j'S is 

proportional to the transition temperature Te(H). Equation (3.32) is 

also a tight-binding representation of the Schroedinger equation for an 

electron of charge 2e in a magnetic field, where 1]j is the wavefunction 

of the ith site, is the nearest-neighbor hopping potential, and l//J isEJ 

the energy eigenvalue. This problem has been studied in depth for the 

case of a 2-D square lattice of sites by Hofstadter, who was particularly 

interested in the physics of competing (incommensurate) periodicities on 

the lattice induced by the magnetic field. 100 

3.7.3 Arrays vs. networks 

There is another system that has a connection with arrays of weak 

links via the linearized mean-field equations (3.32): a network of 

mUlti-connected, narrow, superconductor wires. 37 If the wires have 

cross-sectional dimensions smaller than the bulk-superconductor coherence 

length e (> lpm for aluminum), then the order-parameter will only vary 

spatially along the length. The 1-0 non-linear Ginzburg-landau equation 

that describes the order-parameter can be linearized for T near To, and 

solved for a single superconductor strand in terms of the order-parameter 

boundary values, 1]1 and 1]j' at the ends of the strand. One then connects 

the strands together at lattice sites (nodes) to form the network, and 

completes the mathematical prescription by imposing matching conditions 
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at the strand junctions. Besides the obvious condition that strands 

ending on a common ith node have the same boundary value ~i' one also 

demands a matching condition on the derivatives equivalent to 

supercurrent conservation at each node. The end result is a set of 

equations for the ~i 's of the same form as the linearized mean-field 

equations (3.32) for arrays, giving the same Te dependence on magnetic 

field H. 

It is important to note the difference between junction arrays of 

the type studied here and the wire networks investigated by others. 

Although one arrives at the same linearized mean-field description near 

their respective transition temperatures, the full equations from which 

these approximations derive show substantially differing behaviors away 

from these temperatures. In networks the coupling between nodes is 

generally strong except very near TeO of the bulk wire material. 

Sufficiently below Teo' the network behaves as a bulk superconducting 

grid, with generated supercurrents large enough to expel (or trap) 

magnetic fields and give rise to actual flux quantization in the cells. 

The full Ginzburg-Landau equations give rise to a current-phase relation 

between adjacent nodes which may range from bulk-like (piecewise linear) 

to Josephson (sinusoidal) depending on the relative size of the 

coherence length to the sample dimensions. Close enough to TeO' the 

coupling energy will exhibit a periodic (cosine) dependence on the phase 

difference; then the network can be described -- like the arrays -- by an 

XV model. In actual networks measured to date, the critical region has 

been very narrow (Te(H) modulation typically IOmK) and only the field
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dependent superconductor-normal phase boundary Te(H) has been 

investigated. 

By contrast, in junction arrays the weak coupling allows phase 

fluctuations to be important over a large temperature range (typically 1 

or 2 Kelvin in our arrays). Thermally-excited vortices produce a broad 

resistive transition with a field-dependent critical temperature Tc well 

below the bulk transition temperature TeO of the superconducting islands. 

By studying the transport properties of the array in the critical region, 

we are able to investigate the nature of the resistive transition and the 

dynamics of the vortices and other possible thermal excitations. 

3.8 Penrose tiling: construction and properties 

The discoverylOl several years ago of a new form of matter 

displaying a tenfold symmetric diffraction pattern - disallowed by 

conventional crystallography - has sparked considerable interest in 

quasiperiodic systems. The systems have long-range bond orientational 

symmetry, but no translational symmetry.102,103,104 Such a structure 

does not fit easily into the discussions of solid state physics in 

textbooks to date. In an attempt to improve our understanding, theorists 

have been working out the implications for electronic 

properties,42,105,106 mostly in lower dimensional systems, while 

experimentalists have been busy searching for new quasicrystals, or 

creating artificial ones. Several new forms of quasicrystalline matter 

have since been found, including most recently one that is quasiperiodic 

in two dimensions and periodic in the third. 107 Artificial systems for 

investigating intriguing new electronic properties include semiconductor 
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heterostructure superlatt;ces,108 superconductor wire networks,43,44 and 

arrays of weak links. 34 ,35 

In order to more fully appreciate the behavior of our quasiperiodic 

Penrose arrays, in particular the effects of fluxoid quantization, we 

review here some of the geometrical properties in light of two methods 

for constructing the tiling. 

The two common algorithms for generating the Penrose tiling are by 

an iterative deflation scheme109 ,110 and a geometrical projection 

method. 1l1 ,1l2 For construction by hand (ie, penc'il and ruler), the 

deflation scheme is the more useful. One begins with a trivial piece of 

the pattern -- perhaps only one or two tiles (drawn fairly large) -- and 

replaces each tile by a small set of deflated tiles that cover the same 

area. Iteration of the procedure yields arbitrarily large sections of 

the tiling. The second prescription for generating a Penrose pattern is 

hinted at by the interconnected "Escher-esque" cubes and cubic facets 

that seem to defy the the two-dimensionality of the pattern. Indeed, the 

Penrose quasi-lattice can be produced by projecting a slab of five

dimensional hypercubic lattice onto a two-dimensional plane. 

Mathematically more elegant, though perhaps conceptually more difficult, 

the projection method is applicable to generalized quasiperiodic tilings 

in n-dimensions. We shall discuss both these methods briefly. 

We begin our description of the deflation scheme by considering an 

example of the simplest quasiperiodic tiling -- the one-dimensional 

Fibonacci lattice. Adjacent lattice points along a line are separated 

by either a short bond S or a long bond l. The resulting lattice is 

represented as a sequence of S's and l's. The quasiperiodic Fibonacci 
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lattice is specified by the deflation (or recursion) rules that generate 

it: S ~ L, and L ~ LS, (These rules were related by Fibonacci in terms 

of adult (Large) and baby (Small) rabbits: after every year each baby 

becomes an adult, while each adult gives birth to a baby.) The first few 

generations of the finite Fibonacci sequence and the corresponding 

lattice are illustrated in Figure 3.1S. As the sequence length increases 

through successive deflations, the ratio of number of long bonds f to 

short bonds s approaches a constant. The population ratio rn then 

becomes independent of which generation n of the I-D tiling we examine. 

Thus we have for n approaching infinity 

= 1 + l/reo 

where the final equality in the first line follows from the deflation 

rules. The solution is 

reo = (1 + /5)/2 =1 

where 1 =1.61S ... is the irrational number commonly known as the 

"golden mean". Note that for the finite lattice generated by n 

deflations of a small bond, the population ratio rn is given by the 

ratio fn /fn-1 of successive Fibonacci numbers in the sequence 

{1,1,2,3,5,S,13,21,34 ... } defined by f1 = 1, f2 = 1, and 

fn = fn-1 + fn-2, This ratio is just a rational approximation to 1 that 

improves with increasing lattice size. 
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Fibonacci Lattice 

deflation rules: S ~ L 
L ~ L+S 

n ..!o.- Fn 

1 1 S • • 
2 1 L • • 
3 2 LS • • • 
4 3 LSL • • • • 
5 5 LSLLS • • • • • • 
6 8 LSLLSLSL • • • • • • • • • 
7 13 LSLLSLSLLSLLS •••••••••••• •• 

Fn = Fn- 1 + Fn- 2 f = fn- 1 + fn- 2 

= In + sn 

Figure 3.18 - Deflation rules for generating the 1-D Fibonacci 
lattice. The lattice is shown reduced in size by a factor of 1 for each 
successive deflation. . 
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We conclude this discussion of a 1-0 quasi-lattice by mentioning 

several properties that are similarly valid for the 2-0 Penrose, and are 

easily seen from the deflation method of construction. To begin, the 

lattice is self-similar in the sense that inflation (inverse of 

deflation) of the Fibonacci sequence yields a Fibonacci sequence. That 

is, if we replace every LS bond combination in the original lattice with 

a new bond L', and each of the other L bonds with a new S' bond, we then 

have a new Fibonacci lattice with bond lengths L' = L + Sand S' = L 

whose lattice points are a subset of the original lattice. Second, we 

note that certain patterns will never occur by the deflation scheme. 

These illegal combinations include SS and any patterns that can solely be 

obtained by deflation of an illegal pattern -- LLL and LSLSLS, for 

example. In fact, of the 2k ways of choosing a string of k L's and S's, 

only k+1 of them are allowed patterns of the Fibonacci sequence. And 

finally we point out that every allowed pattern occurs very frequently, 

with the average spacing for a given pattern on the order of the size of 

the pattern. Thus for a string of 100 elements not only will the same 

pattern be found within about 100 elements distant, but so will all the 

other 100 permitted patterns of 100 elements. This last property can be 

seen by the following argument. Observe that for k~fn' all allowed 

combinations of k elements can be found in Fn+ 2 • where the Fibonacci 

number fn is the number of elements in the nth generation of the finite 

Fibonacci sequence Fn (see Figure 3.lS). Then the particular k element 

string is contained at least once in a finite Fibonacci sequence having 

-12 times as many elements. Subsequent deflation to higher generation 

sequences distributes this finite Fibonacci sequence with density 
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approaching liT, yielding a minimum density of the k element pattern of 

l/T3. In reality the pattern repeats aperiodically more often than just 

once every T3 k elements in the infinite sequence. 

The Penrose is the 2-0 analog of the 1-0 Fibonacci and shares 

analogous properties. The deflation rules are illustrated in Figure 

3.19, with arrows indicating allowable edge matching. Each small tile 

becomes a large and small tile in the new generation, while each large 

tile is replaced by two large and a small, all reduced in (linear) size 

by the factor T. Note that these rules resemble a double iteration of 

the 1-0 Fibonacci deflation rules: S(~ L) ~ L+S, and L(~ L+S) ~ 2L+S; 

thus we obtain the same population ratio, r~ = T, of large to small tiles 

for the infinite Penrose. Since a large tile is T times the area of a 

small, besides occurring T times as often, the relative area coverage is 

a factor T2 (= 1 + T = 2.618 ... ) greater. The infinite Penrose pattern 

is self-similar in a sense similar to that of the Fibonacci TeO inflation 

of the tiling n times yields a Penrose tiling whose lattice pOints are a 

subset of the original with new tiles Tn times larger. Thus the pattern 

retains the Penrose topology for all length-scales related through 

inflations by powers of T. The second inflation of a section of the 

Penrose is shown in Figure 3.20. 

Also like the Fibonacci, any finite pattern of tiles found within 

the infinite Penrose will occur infinitely often. In fact, beginning 

with a pattern of tiles of diameter d, one must look no further than 2d 

away (in some direction) to find the identical pattern repeated, no 

matter how large the pattern. This property derives ultimately from the 

deflation rules that generate the Penrose. These rules also tell us 
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Penrose ti1es.~Ti1es may only be joined at edges with matching arrows. 
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Figure 3.20 - Inflation symmetry of the Penrose: original lattice 
and 2nd inflation. 
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which patterns will never be found. Those arrangements of tiles that 

force a breaking of the edge-matching rules (Figure 3.19) will be 

inconsistent with inflation or deflation. Thus, groups of three 

adjacent (side-sharing) small tiles will never occur. 

In generating the Penrose pattern with a deflation scheme the 

question arises: Is the infinite pattern unique? There are an infinite 

number of seed patterns that can in theory be deflated an infinite 

number of times to yield the infinite Penrose. The answer is a curious 

combination of "yes" and "no"! In Figure 3.20 we see the "center" of a 

Penrose pattern that appears as if it might have five-fold symmetry 

extending to infinity. It turns out that this symmetry can extend out 

to infinity, but the symmetry may only be local -- broken beyond an 

arbitrary (finite) radius from the pseudo-center. Other locally 

symmetric patterns exist whose symmetry can extend out to infinity. 

Inflating (or deflating) one of the tilings of figure 3.18 once about the 

center yields an example of a different Penrose pattern with the same 

five-fold symmetry. Likewise, there are an infinity of patterns having 

bilateral symmetry out to infinity. Thus, it seems there are an 

infinite number of distinct Penrose "universes", some having 

irreconcilable global symmetries. The curious property of the Penrose 

is that if we start at the true center of one symmetric universe and 

travel outward, we will find the pseudo-centers of larger and larger 

sections of any other symmetric pattern, until at inf'inity we find 

arbitrarily large patterns of any allowed symmetry. And, more generally, 

any arbitrarily large section of a given universe will occur an infinite 

number of times in every universe, symmetric or otherwise. Thus, one can 
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never differentiate between two Penrose universes in any finite sampling. 

Universes with different symmetries can be considered in some sense part 

of the same infinite Penrose pattern if we allow that their respective 

centers are infinitely far apart! 

Having examined a few of the fascinating properties and the 

construction of the Penrose tiling from the po"int of view of deflation 

rules, we now consider an alternate construction that was used in this 

work -- the projection method. We outline the method with reference to 

the simple 1-0 Fibonacci lattice, and then extend the description to 

higher dimensions to obtain the Penrose lattice. Readers desiring a 

more detailed or rigorous account are referred to the literature. 

Construction of the 1-0 Fibonacci lattice is illustrated in Figure 

3.21. We begin with a 2-0 square lattice having unit vectors ~l and ~2' 

and a line of slope 1/1 passing through the origin. The unit square 

(0 ~ Xj ~ 1; i=1,2) has two edges containing the origin, and these 

project onto the line as long and short bond lengths having a length 

ratio of 1. Now consider the lattice pOints contained within the open 

strip swept out by sliding the unit square along the sloped line. Note 

that the highest dimensioned "facets" of the lattice that are completely 

contained within the strip are 1-0 edges on the unit building blocks that 

comprise the lattice. None of these 2-0 unit squares qualifies since 

four lattice pOints defining the corners cannot simultaneously fit into 

the open strip. The edges form a single 1-0 surface that resembles an 

aperiodic staircase. Projecting this surface of unit horizontal and 

vertical edges onto a line parallel to the strip yields the Fibonacci 

sequence of long and short bonds -- a Fibonacci lattice. 
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Figure 3.21 - Construction of the 1-0 Fibonacci by projection. 
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To obtain the Penrose first consider a five-dimensional hypercubic 

lattice. The lattice is invariant under the group of rotations about 

the principal diagonal generated by circular permutation of the natural 

't t A Aunl vec ors Xi ..... Xi+l' The 5-0 hyperspace containing the lattice 

decomposes into three subspaces that are invariant under these 

rotations: two two-planes, and the diagonal itself. Projection of the 

five unit vectors into either of the two planes point to the vertices of 

a centered regular pentagon. The ten 2-0 facets of the unit hypercube 

that meet at the origin project as the large and small rhombs of the 

Penrose, each appearing five times, like rhombs rotated with respect to 

one another by multiples of 2w/5. 

As with the Fibonacci, we now define a strip, or "slab" in this 

case, about one of the two allowed projection planes that contains the 

origin. The points of the hypercubic lattice contained within this slab 

project onto the plane as the Penrose lattice. The open slab is defined 

as all that volume that can be swept out by translating the unit 5-0 

hypercube with its (origin) corner constrained to lie in the projection 

plane, Only facets of a unit hypercube that are two-dimensional or lower 

will be found entirely contained within the slab, since the slab is open 

in its bounded directions (does not include the boundary) and thus cannot 

simultaneously accomodate all the lattice points necessary for a higher 

dimensional unit facet, or "volume", Any complete unit edges of the 

hypercubic lattice within the slab project as bonds connecting the 

lattice points of the Penrose, while any complete 2-0 unit square facets 

(bound by these edges) project as the tile areas, yielding the infinite 

Penrose pattern. Finally, we remark that more generally the slab can be 
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translated perpendicular to the projection plane by any amount to yield a 

"different" Penrose tiling - translated, but otherwise indistinquishable 

from the previous tiling (except perhaps at infinity). 
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Chapter 4 


EXPERIMENTAL METHODS 


4.1 Device design 

The layout and physical dimensions of the arrays are designed as a 

compromise between a number of considerations. Foremost in the list of 

goals is high uniformity in coupling strength and unit cell areas across 

the array to minimize the obscuring effects of disorder. Relative errors 

in lithography are reduced by making the SNS junctions and cell areas 

larger. However, the normal metal gaps are restricted to 1 or 2 #m in 

length (for reasonable 2000A thick films) to achieve the desired 

coupling. The gap areas should be kept very small compared to the cell 

areas to minimize flux-induced single-junction critical current 

modulation. If the applied field is strong enough that a significant 

fraction of a flux quantum is enclosed within the borders of the normal 

metal gap (junction) then the phase difference will vary across the width 

of the gap, with the single junction behaving like a SQUID. If the 

Josephson penetration depth is smaller than the junction size, then self

fields from the current in the junction are significant, and the single

junction behaves somewhat like a SQUID with a substantial~. The 

assumption of a position-independent phase difference across the junction 

breaks down, and the junction behavior becomes more complicated. 74 Thus 

it is advantageous to keep the junctions and their critical currents 

small, while maintaining as uniform lithography as possible. 
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The cell areas can be made large, but only at the expense of fewer 

islands within the usable region of the Helmholtz coils (or other size 

constraint). In order to make a more precise connection to the idealized 

XV model, the size of the superconductor islands is chosen to be large 

compared to magnetic penetration depths (=1000A) so the islands can be 

treated as bulk superconducting and characterized by a single phase. On 

the other hand, the islands should be small compared to a unit cell size 

in order to minimize the redistribution of the applied flux by the 

screening fields of the supercurrents within the bulk. In large square 

arrays the screened flux is distributed evenly by symmetry, except near 

the edges. In Penrose arrays, however, the non-uniform screening effects 

of quasiperiodically spaced islands having 3 to 7 arms could show up at 

higher fields. Small islands not only minimize this concern, but reduce 

the likelyhood of trapping flux in the (bulk) islands on initial 

cooldown. Similarly, end (terminal) pads are kept small. Finally, the 

lithographed leads are brought straight away from the array to minimize 

field distortions from the current bias. 

In consideration of the above discussion, our arrays are typically 

designed with 20 to 30#m unit cell length and 1.S to 2#m linewidths and 

junction size. Thus the islands are bulk-like, and the area coverage of 

superconductor and junctions is small, less than 20% and 1%, 

respectively. We can estimate ~ as follows. Loop inductances for this 

geometry are roughly IpH per #m of circumference, or about 100pH. 

Tinkham et al. 30 give an estimate for the single-junction critical 

current (based on equating thermal energy to coupling energy) of about 

30nA per K of transition temperature of the array. For typical Te's 
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around 2K, we fi nd Pis of order LIe/tO':=: 10-3 • Thus screeni ng effects 

from circulating loop currents should be negligible. 

4.2 Sample fabrication 

Modern micro-fabrication techniques allow one a broad choice of 

methods for producing a matrix of superconductor islands in a thin-film 

normal metal host. A desirable set of basic tools includes: vacuum 

deposition systems (thermal, sputtering, and/or e-beam), an ion mill and 

plasma etcher for cleaning or etching, a cleanroom with a mask aligner, 

and an e-beam lithography system for direct-writing of sample patterns or 

generation of masks. 

It is interesting that although some researchers are routinely using 

multi-million dollar electron-beam lithography facilities to pattern 

their arrays, some of the first proximity-coupled arrays giving good 

experimental results were fabricated using nothing more exotic than a 

fine nickel mesh. 22 The mesh was placed over a previously deposited 

normal metal film to act as a stencil during subsequent deposition of a 

superconductor layer. The result was an array of 106 25~m square 

superconductor islands separated by 6 ~m gaps. Thus a little bit of 

ingenuity can still compete with "hi-tech", Fortunately, though, the 

facilities at the University of Illinois allow both. 

Fabrication of high quality proximity arrays requires some 

forethought as to materials and processing compatibility in order to 

achieve the best possible uniformity in the areas of the islands, the 

coupling between islands, and the unit cell size. Although uniformity is 

largely a function of the lithography on a macroscopic scale, the 

74 



materials properties at a microscopic scale are equally important. 

Ideally one should pick superconductor and normal metals that deposit 

uniformly (not too granular), can be joined to form a good, clean 

interface, suffer negligible interdiffusion at room temperature, adhere 

well to the substrate, can be thermally cycled (without introducing 

stress or strain at the S-N or metal/substrate interfaces), resist 

oxidation in the presence of air or water, and can withstand the elevated 

temperatures and developers associated with the patterning resists. To 

maximize the usable temperature range one also wants a superconductor 

with a relatively high thermodynamic transition temperature TeO' and a 

normal metal (or superconductor in its normal state) with a low or zero 

TeO' The normal metal should have a normal metal coherence length eN 

that is long compared to the resolution of the lithography so that the 

lithography looks smooth on the scale of the gaps separating islands of 

superconductor. In practice it is difficult to achieve the robust, 

uniform "super"-array having flawless lithography and all the desirable 

properties mentioned above, and one must choose an acceptable compromise. 

We fabricate arrays by two methods, each having certain advantages 

over the other. In the first method (Figure 4.1), a normal metal layer 

is deposited on the substrate over the whole area that will become the 

array. The superconductor islands are then patterned into a resist layer 

and deposited on the surface of the normal film using a standard lift-off 

procedure. An ion milling of the patterned normal layer immediately 

prior to the superconductor deposition serves to remove any oxides and 

processing contaminants that might otherwise degrade the interface. The 

end result is an array such as that shown in Figure 4.2. 
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Figure 4.1 - Lift-off Gap Method: 
(a) Normal metal is evaporated onto substrate. Resist layer is 
patterned: resist is spun on, island patterns are exposed into resist 
using photo-mask or e-beam direct-write, and resist is developed to 
remove exposed areas. 
(b) Superconductor film is deposited over the mill-cleaned normal layer.
(c) Lift-off of superconductor between islands by removing resist yields
the finished array. 
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Figure 4.2 - Array fabricated by the lift-off Gap Method of Figure
4.1. 
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The second method (Figure 4.3) involves patterning the islands with 

interconnections directly on a resist coated substrate (no pre-deposited 

normal metal film). A normal metal layer is deposited, followed 

immediately -- without breaking vacuum -- by the superconductor layer. 

Lift-off then yields a bi-layer network. The finished array (Figure 

4.4), consisting of superconductor islands on the vertices of a normal 

metal network, is accomplished by breaking the superconductor 

interconnections while leaving the normal metal underneath. The breaks 

are patterned in resist, and the upper superconductor layer is removed 

from within the exposed gaps by using selective plasma-etching or partial 

mill-etching techniques. 

This latter gap-etch method has several expected advantages over 

lift-off, although introduces new difficulties. First, elimination of the 

patterning step between depositions of normal metal and superconductor 

ensures a superior interface. Second, the geometry of the proximity 

coupling is more well-defined. The islands are coupled through a grid of 

normal metal lines rather than a solid plane, and corners of the islands 

do not suffer from the diffraction-rounding effects associated with 

photolithography as in the first method. This is not necessarily an 

improvement in uniformity of coupling, however, if the linewidths have 

appreciable variation. 

On the other hand, the gap-etch method is technically more 

demanding. Instead of one, there are now two fine-feature patterning 

steps -- the second requiring precise alignment and registration over a 

large area. Additionally, a custom etch procedure must be devised that 
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Figure 4.3 - Etch Gap Method: A normal metal film followed 
immediately by a superconductor film is deposited on a resist-patterned
substrate and lifted-off (as in Figure 4.1) to yield a superconductor
normal bilayer network (connected islands).
(a) Resist is spun over the network and patterned to protect the islands. 
(b) Selective dry-etching removes only superconductor from the 
unprotected areas. ' 
(c) Resist is removed to yield the finished array. 
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Figure 4.4 - Array fabricated by the Etch Gap Method of Figure 4.3. 
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removes the superconductor with a minimum of damage to the underlying 

normal metal. 

Most of our samples consist of Pb-alloy islands on a Cu film, while 

more recently we have used Nb on Au. Pb and Cu are more convenient 

materials, easily deposited by thermal evaporation, but the resulting 

samples deteriorate with age over a period of weeks if left in the air. 

Another potential problem is that Pb tends to deposit very granularly, 

leading to concern of non-uniformity in coupling. Additionally, standard 

photo-resist developers etch Pb, and to a lesser extent, Cu. These 

problems can be partially solved, making the system acceptable, but less 

than ideal. Oxidation and aging of a Pb/Cu sample can be slowed by 

applying a protective coating, but one must exercise care. Some organic 

coatings will crack at cold temperatures, possibly damaging the sample. 

Vacuum deposited insulators such as SiO work well, provided the sample 

is not damaged by heat during deposition. 

Material properties of Pb can be improved by adding a few percent 

(by thickness) of Au, and 5 to 10 percent In. The alloy produces a more 

robust, homogeneous film that stands up better to thermal cycling, and is 

more resistant to photo-resist developers. The developer problem can be 

minimized further by shortening the development time or diluting the 

developer -- compensated by increasing the UV-dose during exposure or 

using a thinner resist layer. Less granular-looking films with less 

surface oxide growth are obtained by restricting the photo-resist bake to 

lower temperatures (such as 70 °C). 

An advantage of the Pb/Cu system is that the selective etching of 

the Pb in the etch-gap method is readily accomplished with an ion mill. 
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Pb is one of the more easily etched materials, and typical mill rates are 

5 times those of Cu. Thus it is relatively easy to remove the Pb just 

down to the interface; over-milling by 100 A worth of Pb will cut into 

the Cu by only 20 A-- a small fraction of the 1500 A typical film 

thickness. We over-mill purposely by at least this much to ensure that 

the resist-protected superconductor islands are not interconnected by any 

remnant superconductor in the gaps. 

We take an aside here to mention the great utility of the ion mill 

in this business. Ion-milling as a dry etch technique is preferred to 

wet chemical etching for several reasons. Wet etches expose the samples 

to water and surface contaminants, as well as undercutting the sides of 

the masked-off regions. Ion-mill etching, on the other hand, is clean, 

compatible with vacuum deposition, more uniform for many materials, and 

highly directional. Very sharp, vertical walls are formed in the film 

beneath the edge of the protective resist layer that shadows the rest of 

the film from the bombarding Ar atoms. Sloped walls, desirable in edge

junction fabrication for example, can be achieved by tilting the sample 

relative to the incident beam. The mill is often used to clean 

contaminated surfaces prior to vacuum deposition without having to break 

vacuum in the interim. (The mill operates at a background pressure of 

~10-4 Torr Ar.) Milling a substrate or deposited layer for a short 

period improves the adhesion of subsequent layers. Thin oxide layers can 

be grown by milling an oxidizable surface in the presence of oxygen. 

Finally, the mill can be used in a deposition mode by "sand-blasting ll 

material from a target onto a facing substrate. It should be noted that 

while an ion mill is an excellent tool for processing many types of 
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amorphous films, it can cause structural damage and detrimental Ar 

implantation in the surface layer of some crystalline materials {e.g., 

semiconductors).113 

While ion-milling proves very effective for selectively etching 

Pb/Cu arrays, it is totally unsuited for those of Nb/Au. Nb is a very 

tough metal, with milling rates an order of magnitude slower than those 

of Pb. But more importantly, Nb mills a factor of 4 or 5 more slowly 

than the underlying Au layer. Thus, if the milling breaks through the Nb 

in some places before others, say due to variation in the Nb fi1m

thickness, then the non-uniformities would effectively be amplified by 

the increased milling rate in the soft Au. Pitting in the Au could 

result in significant variation of coupling from junction to junction. 

The solution to the etching problem for Nb on Au is to use a plasma 

etcher with CF4 as the reactive etching gas. The Nb can be plasma-etched 

in =1 Torr of CF4 at moderate power levels in about the same time it 

takes to ion-mill the same thickness Pb (=2 min/1000 A). The Au remains 

virtually unaffected. 

With a plasma etcher and sputter system available for Nb processing, 

the Nb/Au system is preferable to the Pb/Cu. Nb and Au deposit as very 

uniform, non-grainy films, are not attacked by photo-resist developers, 

can withstand much higher processing temperatures, and the final arrays 

can be stored for longer periods of time (possibly indefinitely) with 

little change in properties. 

One set of samples -- the quasiperiodic arrays -- were fabricated 

using the lift-off method with both Pb/Cu and Nb/Au; the better results 

were obtained with Nb/Au. In order to achieve the best possible 
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lithography, the patterning of the islands was accomplished using a 

direct-write e-beam system rather than the usual UV-exposure of the 

resist through a contact photo-mask. The system, which is also used to 

produce original photo-masks, steers an electron beam to expose the 

resist in those regions that define the pattern. Although standard 

photo-resists such as AZ 4110 or Shipley 1450J can be exposed with an 

electron beam, a more suitable resist (used only for e-beam) is 

polymethylmethacrylate (PMMA), a common type of plexiglass. 

Unfortunately, though, the processing of PMMA requires baking the resist 

at much higher temperatures -- typically about 140-160°C. Pb films 

cannot survive these temperatures, so the etch method is not viable here. 

With the lift-off method, only the normal metal layer is subjected to the 

high temperatures. The first samples made of Cu came out of the oven a 

deep red color, while others baked at slightly different temperature were 

grayish-blue. After patterning the islands in the resist, the samples 

had to be milled rather hard to break through the thick oxide, so that 

subsequent deposition of the Pb layer would form a good interface. The 

Au films, which do not oxidize, came out completely unscathed. The Nb/Au 

array we measured shows more structure in the voltage versus magnetic 

field than the Pb/Cu sample -- however it is also three times larger. 

4.3 Measurement technigues 

Transport measurements of the arrays are conducted in a pumped He4 

bath cryostat. The cryostat insert, schematically shown in Figure 4.5, 

was designed with a number of features to allow versatility in various 

measurement configurations. The array samples, typically fabricated on a 
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piece of silicon substrate, are clamped with a plexiglass crossbar and 

nylon screws to a 13/4" diameter copper mount. A thin layer of Apiezon 

N-grease applied to the back of the sample provides thermal grounding to 

the copper mount. The mount is anchored via a threaded joint to the 

copper base of a He3 pot, the base also serving as the primary site of 

temperature regulation. A heater wire of =1000 was non-inductively wound 

and bonded to the circumference with GE varnish. Two germanium 

thermometers (of different but overlapping temperature ranges) were 

anchored into snug holes with thermal compound, while the leads, through 

which most of the heat flow to the thermometers occurs, were potted to 

the base with Stycast epoxy. The epoxy has relatively good thermal 

conductivity, and a thermal expansion coefficient closely matched to that 

of copper. 

Temperatures as low as =1.IK are reached using a facility rotary 

blower pump backed up by a large mechanical pump. A further reduction in 

temperature to =0.5K can be achieved using a closed-cycle He3 pumping 

system. He3 is condensed at pumped-He4 temperatures in a tube leading to 

the He3 pot, and is pumped from the pot to lower the temperature. 

Sintered high-purity copper powder inside the pot provides a large 

surface area to enhance the thermal link between the He3 and the copper 

sample mount. Provisions were also made to allow samples to be mounted 

inside the He3 pot, if so desired, for limited measurements at colder 

temperatures and higher power levels. 

The sample is normally isolated from the He4 bath by two brass 

vacuum cans sealed with indium O-rings. Necessary for He3 operation, the 

cans are also very useful for pumped-He4 refrigeration alone. A small 
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amount of He4 or He3 gas, preferably not enough to condense, is fed to 

the sample space (inner can) to improve thermal equilibration between the 

sample substrate, the copper mount, and the walls of the inner can 

surrounding the sample. Self-heating effects in the samples are 

negligible in most measurement conditions because of the large surface 

area of the arrays and the very small currents (typically < 10~A) and 

voltages « 10~V) normally involved. 

Thermal isolation from the bath is accomplished very effectively 

with the outer vacuum can completely evacuated. In fact, starting at 

liquid nitrogen (LNz) temperature, the sample chamber will still be well 

above 10K many hours after filling the helium dewar. A small amount of 

He4 exchange gas added to the vacuum can provides a convenient way to 

adjust the thermal linkage between bath and sample. Since this gas is 

only partially removable once the can is cooled to liquid helium (LHe) 

temperatures, one must exercise care in adding gas when very weak 

coupling is desired. 

A uniform magnetic field perpendicular to the sample is provided by 

two sets of Helmholtz pairs wound on a 2" diameter phenolic sleeve that 

slips over and attaches to the sample mount. The parallel midplane of 

the pairs is set at about a substrate's thickness above the surface of 

the sample mount. The primary pair consists of 150 turns each of 

superconducting Nb-Ti 4 mil wire wound into 1/8" square grooves. The 

leads were clamped to solder-coated copper terminal lugs for minimum 

contact resistance after cold solder contacts were found to deteriorate 

with age and thermal cycling, and spot welds to copper wire proved 

difficult to achieve. A secondary Helmholtz pair with 1/10 the number of 
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turns was wound on top of the primary, this time using easily-soldered 

copper-clad superconducting wire. The combination of two Helmholtz pairs 

allows the flexibility of biasing at a relatively large field with the 

primary, while sweeping over a smaller range about that bias with the 

secondary. Or one may superimpose a small a.c. field while ramping a 

d.c. bias, say for use in a lock-in detection scheme. 

Typical field sweeps during array measurements are over ranges of 1 

to 10's of gauss, the latter giving a hundred or more flux quantum per 

unit cell of the array. The primary Helmholtz pair produces a field of 

one flux quantum per unit cell for currents of the order of 1mA. The 

upper-limit of field is ult"imately restricted in our set-up by heating in 

the normal leads and contact resistance of the pair. However, this 

heating only becomes significant at current levels corresponding to well 

over 100 ~o/cell, so in practice is rarely a concern. 

Uniformity of field over the whole array is very important for the 

measurements conducted. A Helmholtz pair produces a uniform field with a 

maximum deviation (Bmax- Bmin)/Bmin of 0.01% over 1/8 its diameter, 0.18% 

over 1/4, and 3.3% over 1/2, with rapid degradation over larger 
114areas. We therefore restrict the size of our arrays to no larger than 

about a half-inch square for field non-uniformity of less than =1%. This 

small deviation would probably not have an appreciable effect until the 

absolute deviation approaches the order of l~o/cell, i.e., for field

strengths of =100~o/cell. In practice this maximum error is restricted 

to the very edges of the array -- a relatively small fraction of the 

total array -- and one should perhaps be more concerned about distortions 

from other sources. 
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The magnetic fields relevant for these experiments are small enough 

that stray fields can be a real problem. The earth's field alone 

(~O.5 gauss) is strong enough to put about a flux quantum in every cell. 

To guard against these stray lines of flux we employ a double-layer 

mu-metal can surrounding the lN2 dewar, and a superconducting Pb bag that 

fits around the outer vacuum can inside the lHe dewar. The combination 

reduces the ambient field to <O.5mgauss. The absence of a background 

residual field is demonstrated by noting that the periodic voltage versus 

applied flux (V-ta) curves for the current-biased arrays shows a zero

field minimum that is virtually unshifted and symmetric about zero 

applied field. 

Although a superconducting bag is an excellent means of shielding 

external fields out, it also screens the internal fields. Thus the 

Helmholtz pair is made large enough for a uniform field over the area of 

the array, but small enough compared to the superconducting shield to 

avoid appreciable modification of this field by screening currents. 

Measurements of the periodicity in magneto-resistance with applied field 

agree with the expected value of Ito per unit cell area within 2-3 

percent, assuming the Helmholtz pair behaves ideally. Corrections due to 

screening by the shield, screening by superconductor in the sample 

itself, self-field from the bias current, and corrections for the finite 

cross-section of the windings in the Helmholtz pairs thus appear to be 

reasonably small. Again, non-uniformity is the primary concern, not a 

renormalization of the overall field. 

Careful consideration of leads minimizes field distortions from 

measurement currents, as well as unwanted pickup of stray signals. leads 
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are brought down the insert through steel capillaries, and pass from the 

He4 bath to the sample space inside the vacuum cans through superfluid 

tight Stycast epoxy seals. To minimize electromagnetic pickup and 

generation of stray field the leads are all twisted into low-inductance 

pairs, and most consist of relatively high-impedance (150/ft) manganin 

wire. Besides the benefit of a larger source impedance that reduces 

pickup currents, the manganin also acts as a much smaller thermal leak 

than copper wire when cooling to the limits of the He3 system. Several 

of the pairs have their own individual capillaries for applications 

requiring extra signal isolation. A few of the pairs consist of copper 

wire or Cu-clad niobium wire for those applications requiring larger 

currents with a minimum generation of heat, such as the Helmholtz pairs. 

Additional noise reduction results from enclosing the cryostat 

within an rf-shielded room, using batteries as much as possible to reduce 

60Hz generation and pickup within the room, and filtering the input leads 

whenever possible. Output signals are typically amplified and buffered 

by a preamp before being passed via coaxial feedthroughs to the computer 

data acquisition system outside the room. 

In addition to the assortment of leads connecting the sample space 

to the outside world, the insert is equipped with 10 internal 

superconducting leads for use with a commercial rf-SQUID probe. A novel 

a-position superconducting switch allows the rf-SQUID to be connected in 

a voltage detection mode for measurement of small voltages across array 

samples, or in a flux detection mode for use with superconducting pickup 

coils clamped over the arrays. Thus several arrays and several flux 

pickup coils can be mounted simultaneously in the insert, and 
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measurements conducted by switching each of these elements, one at a 

time, into the appropriate SQUID circuit configuration. 

The superconducting switch, located above the vacuum cans in the He4 

bath, is formed from a piece of circuitboard having 8 solder-tinned 

copper fingers to which are attached the leads to be switched. The 

circuit is closed by sliding a "shorting bar" (solder-tinned Cu-Be 

finger-springs) up or down to the desired position. A rod extending 

through an O-ring seal in the top plate serves as the mechanical linkage. 

The "superconducting shorts II are accomplished by pressing solder to 

solder, and one might wonder if native oxide growth would build up enough 

to prevent supercurrent flow. The switch was found to work quite well, 

perhaps helped by the large contact area (>lmm2) and the self-cleaning 

action of sliding the switch into position. (The superconducting shorts 

may actually look like large Josephson tunnel-junctions!) Supercurrents 

of interest were found to flow undiminished over relevant measurement 

times (several minutes) in superconducting loops closed by the switch. 

Sample environment regulation and data acquisition is accomplished 

with the network of interconnected laboratory equipment detailed in 

Figure 4.6. The arrays are fabricated with 2 sets of terminal leads in 

order to accommodate 4-terminal measurements. The voltage terminals are 

usually connected to a set of leads that pass directly to the outside for 

detection and amplification by a preamp and/or lockin, or nanovoltmeter. 

Additionally, a set of internal (Hi Pie!) superconducting leads are 

attached to the voltage terminals, permitting rf-SQUID voltmeter 

circuitry to be switched in for ultimate sensitivity. The harmonic 

content of the output voltage can be analyzed with a bandpass filter 
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coupled to an rms-voltmeter, or with a spectrum analyzer. However, the 

frequency response of SQUID measurements are restricted to less than 

1KHz by the slew rate of the SQUID electronics. 

The Helmholtz coils and heater are driven by voltage-controlled 

current sources that can be ramped by computer-controlled DACs. The 

current sources consist of a single op-amp circuit and have current 

ranges of 10~A to 300mA, with transistors kicking in for outputs greater 

than SmA. The sources are powered by regulated gel-cell batteries, and 

are typically filtered at both inputs and outputs to minimize noise 

transmission into the insert. 

A constant current bias to the array is supplied by a passive 

circuit (mercury battery and resistors) for currents less than a few ~A. 

When the current ;s to be ramped, as for an I-V characteristic, one of 

the voltage-controlled sources can be used, provided it is electrically 

floated. The SQUID will suffer ground-loop problems otherwise. 

The temperature ;s typically measured using a lockin amplifier. A 

reference signal at several hundred Hz or less is converted to an a.c. 

current of 1 to 10 ~A, and fed to a calibrated germanium thermometer near 

the sample. The output voltage (about a millivolt) allows determination 

of the resistance, and a lookup table (generated by a polynomial fit to 

the calibration points) gives the temperature. The temperature can be 

swept by ramping a current through the heater wire, or regulated to a 

constant value with a thermometer resistance bridge and a controller 

having adjustable feedback. 

An LSI-ll/23 computer is used for data acquisition, with 12-bit DACs 

ramping current sources to control the magnetic field, temperature, or 
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sample current bias. D.c. voltages in the range -IOV to +IOV are read by 

a 12-bit ADC, allowing sample voltage and voltage noise, temperature, and 

current source outputs to be recorded as a function of one or more of the 

DAC outputs. 

The instrument most responsible for the success of our measurements 

is the rf-SQUID. 89 With it we are able to achieve voltage sensitivities 

better than IpV. We commonly employ the SQUID in the null-detection 

voltmeter configuration of Figure 4.7. The array is placed in a 

superconducting loop containing the standard resistor and an inductor 

that couples flux (-lto/IOOnA) to the SQUID. The SQUID is a sensitive 

flux (or current) detector, produc"ing an output voltage of -20mV/to 

(-SnA/mV) when used in the internal feedback mode. The basic idea is 

that when the SQUID detects zero current in the inductor then we know 

that the voltage across the sample is equal and opposite to the voltage 

across the standard resistor. 

In practice we inject the desired current into the array leads to 

produce a voltage, and simultaneously ramp current through the standard 

resistor until no current passes through the inductor, using the rf-SQUID 

to detect this null condition. The array voltage is then given by the 

current injected through the standard resistor times its resistance. A 

feedback circuit can be used that automatically maintains the null

condition as the array voltage changes. In this external feedback mode 

the SQUID produces an output voltage proportional to the change in 

current through the inductor. This voltage is converted to a current 

1st = Vout/ (Rfb + Rst ) "" Vout/Rfb by droppi ng across the feedback 

resistor Rfb , and fed back across the standard resistor to oppose the 
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change in the current through the inductor. With the high open loop gain 

of the SQUID electronics, the feedback circuit maintains a nearly zero 

(or constant) current through the inductor at all times. The voltage 

across the array is then Varray == Vout/g, where g == Rn/Rst is the 

(closed-loop) gain. 

We find that the most practical value for the standard resistor is 

to match it roughly with the sample normal resistance - 10 to 100mn. 

For this we use thin strips of brass shim stock, the resistance 

determined by 4-terminal lockin measurements at He4 bath temperatures. 

The feedback resistor is varied from several Kn to several Mn, 

allowing measurements of voltages up to tens of ~V. For the lowest 

voltage levels (pV), the output from the SQUID is amplified by a preamp 

before being read by the ADC. 
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Chapter 5 


EXPERIMENTAL RESULTS AND DISCUSSION 


Figure 5.1 shows a typical resistive transition for our proximity

coupled arrays. This particular sample, shown in Figure 5.2, consists 

of about 1000 x 2000 Pb/In islands on a Cu film arranged in a square 

lattice with a lattice constant of 8~m and proximity gaps of about 1.5~m. 

As the sample is cooled, the Pb/In islands become superconducting at 

about T=7K where the sample resistance first drops. In the plateau 

region between 7K and 3K the islands are superconducting, but uncoupled, 

and the resistance drops slowly with temperature as the superconducting 

region near the islands extends into the normal metal by virtue of the 

proximity effect. Just above T=3K the islands first become phase

coupled, and long-range phase-coherence effects are observed. Below this 

temperature the sample displays a broad magnetic-field-dependent 

transition to zero resistance, with applied fields shifting the 

transition to lower temperatures. Figure 5.1 shows the zero-field 

transition (right-hand curve), and that with a field corresponding to 

half a flux quantum per unit cell (f=1/2). 

In this chapter we present the experimental results of transport 

measurements that seek to elucidate the long-range phase-coherent 

effects of various geometry arrays and the role and nature of the 

fundamental fluctuation excitations. In chapter 6 we present some 

results of simulations of small square arrays that attempt to clarify the 
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Figure 5_l_-::_~ El ectron mi crograph of a square array made by the 
lift-off gap method. Center to center island spacing is 8~m. (All other 
arrays reported on have spacings more typically 20 to 30~m). 
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relationship between static properties (the coupling energies of stable 

vortex configurations) and dynamical measurements (voltages vs. bias 

current and applied flux). 

We begin in section 5.1 by examining the magnetic-field response of 

square arrays and ladders, the quasiperiodic Penrose array, and a 

checkerboard array having features in common with both the square and the 

Penrose arrays. In section 5.2 we discuss specific results for the 

Penrose and square arrays on fluctuations and their manifestation in 

dynamical measurements. 

5.1 Magnetic-field response 

Perhaps the most direct probe of long-range phase coherence in 

arrays is the variation with magnetic field of array properties such as 

transition temperature, critical current, resistance, and voltage. Such 

measurements reflect the competition between bonds to minimize their 

individual energies while remaining in keeping with the collective field

dependent phase-constraints of fluxoid quantization. By studying such 

behavior we hope to learn about the groundstate vortex configurations of 

the phases, in addition to directly observing dynamical effects that are 

present at any finite temperature. 

5.1.1 Square array 

Figure 5.3 shows a plot of the voltage vs. applied field (V vs. H) 

for the square array of Figures 5.1 and 5.2. The data was obtained by 

injecting an a.c. current at 20 Hz and detecting the voltage at that 

frequency with a lockin amplifier. The data was taken at T=l.lK, well 

below the zero-field transition temperature at about 2K, a procedure that 
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Figure 5.3 - Voltage vs. applied flux for the square array obtained 
with a lockin amplifier. The top curve is for an rms current of 4.0mA. 
with the current decreasing in steps of O.4mA for successively lower 
curves. Substructure appears as the current bias is lowered. 
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yields more structure in the V vs. H curves than at higher temperatures 

where phase-fluctuations destroy longer-range phase-coherence effects. 

The top curve was obtained for an rms current of 4.0mA with the current 

reduced in steps of 0.4mA for successively lower curves. The highest 

voltage curves have a periodicity with applied field corresponding to 1 

flux quantum per unit cell, and very much resemble the voltage vs. flux 

curves of a low-p dc-SQUID as discussed in chapter 3 (Figure 3.13). At 

higher bias currents (not shown) the d.c. voltage level increases 

approximately linearly, and the modulation with field becomes more 

sinusoidal and damps in amplitude until it is barely perceptible (at 

about 30mA). The array, consisting of identical loops containing 4 

junctions each, is explained quite well at higher bias currents as 

behaving like a simple, overdamped dc SQUID; no phase-coherent behavior 

extending beyond the size of a loop is seen in the field response. 

As the current amplitude is reduced, however, substructure begins to 

appear. Dips at applied fluxes of ta =(n+1/2)to are clearly 

discernible, and with a stretch of the imagination, occaSionally at 1/3 

and 2/3. Teitel and Jayaprakash predicted93 such qualitative structure 

in the resistance vs. field curves (based on Monte Carlo studies of 

ground-state energies, critical currents, and vortex configurations), 

with additional substructure appearing as the temperature is lowered 

toward (and through) a sequence of transition temperatures corresponding 

to different commensurate fields. Here we see that the structure is a 

function of bias current (or voltage level), with higher phase-slip rates 

resulting in less discernible features. 
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The parabolic background in voltage vs. field curves is believed to 

be caused by single-junction critical-current modulation74 from flux 

entering the junction (similar to critical-current modulation of a 

SQUID). The effect is reduced in those arrays having smaller junction

area to unit-cell-area ratio. Wire networks show an analogous effect in 

Tc vs. H, with a very strong parabolic background swamping out the 

oscillations in just a few periods. II5 In that case Meissner screening 

currents within the bulk wires reduce the critical currents of the wires, 

and thus also the transition temperature. Since the wire area is a 

substantial fraction of the unit cell size, these screening currents 

rapidly increase with field to a magnitude comparable to the loop 

circulating currents that maintain fluxoid quantization in just a few 

quanta of applied flux per cell. 

With single-junction modulation the small-field parabolic background 

should eventually give way to a periodic background for larger fields, 

and should decrease once half a flux quantum has entered the junction. 

The field modulation of the arrays was found to vanish at higher fields 

before this effect could be positively verified, with the sample 

resistance saturating at its normal-state (plateau region) value. None

the-less, junction modulation remains the plausible explanation, with 

disorder a possible contributing factor. 

Figure 5.4 illustrates the great utility of the rf-SQUID for 

measuring small voltages across low-impedance samples. Here we display 

a single period of the V vs. H curve for a constant current bias of 
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Figure 5.4 - Voltage vs. applied flux for the square array obtained 
with an rf-SQUID voltmeter. (a) Dips at f = nlm correspond to field 
values that yield a vortex lattice commensurate with the array. 
(b) At the lowest voltage levels the structure is modified by disorder. 
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0.4mA. The curve was obtained with a field ramp that took about a 

minute, giving a curve with orders of magnitude more resolution than the 

lockin curves of Figure 5.3. 

Substructure dips are now clearly seen at f= 1/2, 1/3, 1/4, 2/3, 

3/4, and around 1/6 and 5/6. These values of applied field give a 

lattice of vortices that is commensurate with the array lattice and 

energetically very stable. At f=I/2 the field contributes 1/2 toward the 

vorticity of each unit loop. The 4 junctions in each loop must together 

add +1/2 (=w phase contribution) to yield a vorticity (fluxoid 

quantization) of 1, or -1/2 to yield a vorticity of O. In order to 

ensure "charge neutrality", the total phase contributions that add with 

the flux are equal to the total adding against. The resulting 

checkerboard pattern of a vortex in every other square gives a relatively 

low total Josephson coupling energy, and a relatively high critical 

current. The potential barrier to moving the vortex lattice or to moving 

a single vortex (thus creating a pair of defects in the flux lattice) is 

relatively high, and thus one needs a fairly large current, or high 

temperature, to set the vortices in motion. Thus, local minima in the 

voltage vs. field response are generally associated with a local maximum 

in critical current, a minimum in total energy, and a maximum in the 

transition temperature. 

If the field is now increased a little from f=I/2, the vortices 

remain in the f=I/2 checkerboard configuration, but find it energetically 

favorable to have an occasional extra vortex "defect" in keeping with 

charge neutrality. These defects due to the incommensurate matching 

between lattices lower the critical current of the array, and have a 

105 




lower potential barrier to motion than vortices in the pure checkerboard 

arangement. Thus, the voltage increases for constant bias current as the 

field is changed from f=1/2. The story is similar near other 

commensurate fields. 

As the bias current is reduced and the voltage levels are lowered by 

2 orders of magnitude to a few nanovolts, our V vs. H curve begins to 

distort as shown in Figure 5.4b. In figure 5.5 we show a blow-up of the 

curves near f=2/3 corresponding to the squared-off regions in Figure 

5.4. The major dip at f=2/3 at high voltage is no longer distinguishable 

at low voltage, having been replaced by random-appearing, fairly rapidly

varying fine-structure. The structure is reproducible for a given cool

down, as is seen in the two similar curves of Figure 5.5, one obtained 

while ramping the field up, and the other while ramping down. The 

structure changes in detail from run to run if the sample is warmed 

between runs. 

The structure is undoubtedly an indication of defects and 

inhomogeneities in the array. Flux is probably trapping in the bulk 

islands, leads, or other nearby superconductors, and modifying the 

magnetic field response from run to run. Coupling uniformity between 

islands is difficult to verify, and some variations are inevitable. 

Weaker links tend to be the first to phase-slip in the presence of a bias 

current or thermal fluctuations. Cell area disorder, though small and 

usually only important at higher fields, may playa subtle role here. 

The intriguing idea here is that we may be observing very sensitive 

phase-coherent behavior that extends over hundreds of cells. The tiny, 

abrupt features in the low-voltage curve correspond to changing the field 
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Figure 5.5 - Blow-up of the voltage vs. applied flux curves 
displayed in Figure 5.4. At lower voltages the structure is replaced by
a seemingly random but reproducible curve, as demonstrated by the 
identical results of a forward and a return field sweep. 
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by Ito per hundreds of cells. The low-voltage V vs. H curve may give us 

a "fingerprint" of the array that is very sensitive, via long-range 

phase-coherence, to the exact arrangement and nature of coupling 

disorder, area disorder, and other defects such as trapped flux. The 
~ 

arrays might then be studied as an analog for modelling phase-coherent 

effects of normal metals, such as conductance fluctuations,116,117 except 

on a larger scale where one can control disorder. 

The rapid fluctuations in voltage with field indicate that there are 

probably many dynamic modes for vortex flow across the array, and small 

changes in field can result in a radically different mode. Likewise 

there are probably many different vortex configurations with similar 

energy for a given field, and one might hope to observe metastability in 

the vortex configuration, or mode changing in the dynamics. We did not 

observe any switching on time-scales of a second (which is probably not 

surprising when one considers the high Josephson frequencies of the 

dynamic modes). One might look for switching on faster time-scales, 

however common commercial rf-SQUIDs lose their utility for frequencies 

much above 1kHz. 

5.1.2 Square ladder arrays 

One demonstration of the effect of increasing the phase-coherence 

range can be seen in the development of structure as arrays are made 

wider. In Figure 5.6 we show plots of resistance vs. applied flux for 

single-, double-, and triple-wide square ladder arrays. These arrays 

(Figure 5.7) were fabricated using the etch-gap method, with Pb/In on Cu. 

The total sample resistances are of order ohms, so the measurements were 

made using a lockin amplifier with an rms current of O.l~A, at a 
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Figure 5.6 - Resistance vs. applied flux for square ladder arrays. 
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Figure 5.7 - ladder array containing 4 x 500 unit cells of 

dimensions 20pm square. 
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temperature (2.73K) midway through the resistive transition where the 

resistance modulation with field was found to be greatest. 

The single-ladder shows only the main periodicity in flux of 

ITo/cell, while the double-ladder has a single substructure dip at 

f=n+I/2, and the triple displaying 2 dips at 1/3 and 2/3. Additional 

dips appear as more cells are added to the width, reflecting the new 

degrees of freedom that allow an increasing number of fields with low 

energy vortex configurations. The arrays with an even number of cells 

show dips at f=I/2, while those with an odd number display peaks. 

Intuitively, it seems there should be a simple symmetry argument for this 

behavior. It is interesting that we observe no structure from the length 

dimension of the array. One might expect to see substructure 

corresponding to the many possible commensurate vortex lattice spacings 

along the length. We found no additional structure upon reducing the 

current excitation levels. However, the structure may exist at voltage 

levels that were not easily measurable with a lockin. Also since these 

arrays are closer to one-dimensional, fluctuation effects may be much 

more important than in the wider arrays, with a much-shortened effective 

phase-coherence range. 

We did observe additional structure in some of the more disordered 

ladder arrays. Here a split peak at f=I/2 in the triple-ladder might be 

explained by an occasional break in or weakening of a vertical bond, 

causing sections of the array to behave as a double-ladder. 

Figure 5.8 shows an interesting case of disorder, observed in the 

triple-ladder. The first period shows a central peak at f=I/2, with 2 

symmetric side peaks and dips. As the field is ramped through many flux 
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Figure 5.8 - Resistance vs. applied flux for the triple-ladder
array. 
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quanta per unit cell, the side structures become less symmetric with the 

dip and peak on one side rising relative to those on the other. A 

similar type of behavior is seen in mean-field calculations of the 

transition temperature vs. field for a ladder having unit cells in one 

column of slightly different size than those in the others. lIB An 

applied flux difference of order ~o/4 between cells of different columns 

should have a substantial effect on the shape of the curve over one 

period. Thus we estimate that this effect would be explained by an area 

variation of less than 1%. Our cell areas should be accurate to a 

little better than this precision, so there may also be contributing 

effects from a small systematic variation in coupling strengths across 

the array. 

5.1.3 Penrose array 

We now examine the voltage vs. flux results for a quasiperiodic 

Penrose array (Figure 5.9). The quasiperiodic arrangement of islands 

having 3 to 7 nearest neighbors and two unit cells with an irrational 

area ratio give rise to very interesting and complex behavior in a 

magnetic field. Whereas in periodic arrays the field contributes equal 

phase contributions to the vorticity of each cell, the Penrose geometry 

adds an additional intrinsic frustration. Because of the two 

irrationally related cell areas, an applied field can never put an 

integral number of flux quanta in both size cells simultaneously. Thus, 

phase contributions to the vorticity from the junctions are always 

necessary for at 1east one size cells, and circulating currents will 

always be present for any applied field. 
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Figure 5.9 - The Penrose array, consisting of 42,000 Nb islands on 
a Au film. Center-to-center spacing of the is1ands is 30~m. 
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Additionally, each cell in a periodic (infinite) array shares 

junctions with neighboring loops (that share junctions with their 

neighboring loops ... ) in exactly the same way as every other cell. In 

contrast, the quasi periodicity of the Penrose means that each loop 

containing 4 junctions has a unique geometrical relationship to all the 

other loops and junctions of the array. No two cells see the same 

neighborhood (if they look far enough). Thus, the field-induced 

frustration couples with intrinsic geometric frustration to create a 

local competition between the bond energies of an island that is unique 

for each island as well as for each field value. 

Figure 5.10 shows a typical voltage vs. field sweep for the Penrose 

taken with the SQUID at a temperature of 1.IIK (the resistive transition 

for this sample is shown in Figure 5.18) and a current bias of 70~. We 

display the field in units of to per large cell. Thus a square array of 

large cells would show a basic periodicity of 1, while an array of the 

small cells would show a periodicity 1 (golden mean) times greater. We 

find that the main periodicity of the data corresponds to the more 

numerous large cells, with the dips occurring very close to integral 

numbers of to per large cell. The effect of the less numerous small 

cells appears as a modulation of the dominant large-cell 

response. We are able to approximate the oscillatory behavior 

surprisingly well by just summing 2 Fourier components: 

~V(f) = A [1sin(2~f) + s;n(2~f/1)] (5.1) 

where f is the frustration (or fractional flux quanta per cell) 

associated with the large cells. The position of dips and peaks and 
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Figure 5.10 - Voltage vs. applied flux per large cell for the
Penrose array. 
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their heights relative to adjacent extrema are all closely matched by 

this function out to nearly f=20. The weighting by 1 of the large cell 

contribution was chosen since the large cells are more numerous by this 

factor, but should not be taken too seriously. The conclusion here is 

that at these relatively high voltage levels the small and large cells 

appear to act independently. 

If we examine the voltage at higher fields (Figure 5.11) we find 

that the higher frequency oscillations associated with the large cells 

diminish in magnitude and vanish somewhere near f=70, while the lower 

frequency oscillations continue past f=100. The small-cell period is 

longer by the factor 1, so we see that both the large and small cell 

components of the response are sustained through about the same total 

number (70) of oscillations. Area disorder or field inhomogeneities can 

destroy coherent oscillations with field when the absolute flux 

difference contained within two nominally identical cells becomes of 

order half a flux quantum. Thus here it appears we may have area 

disorder and/or field inhomogeneities approaching 1%. 

Upon reducing the bias current (and thus voltage) we see additional 

fine structure develop, as shown in the semilog plot of Figure 5.12, and 

in Figure 5.13. With the SQUID we are able to follow the developing 

structure as the peak voltage is reduced over a range of about 7 decades. 

At higher bias currents the effective range over which collective phase

coherent behavior extends is shortened by a high density of current

induced vortices and correspondingly high phase-slip rates. A similar 

loss of phase-coherent behavior is seen at higher temperatures where 
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Figure 5.12 - Semi-log plot of voltage vs. field for the Penrose 
demonstrating the onset of fine structure as the voltage is reduced. 

119 




- 15.2>..:; 
Q) 14.8 
0) 
ro 
~ 14.4 
~ 

14.0 


5' 300.0 

..s 
Q) 20.0.0 
0) 
ro ...... 100.0g 

0.0 

4.0->c-Q) 

0) 
 2.0CU ...... 
g 

0.0 -e. 
rE 0.3 

.......
-:r: 0.2
-rE 0.1 

0.0 

Figure 5.13 - Voltage vs. field for the Penrose. Fine structure 
develops in (a) - (c) at lower current biases. 
(d) Comparison to mean~field calculations of Te vs. flux by Nori, et al. 

120 

I= 8jJA 

I= O.5jJA(c) 

0.0 2.0 4.0 6.0 8.0 
Magnetic Flux/Large Cell(~o) 



thermally excited vortex excitations destroy phase correlations over 

longer length-scales. 

As the voltage levels are reduced, small rounded bumps begin to 

appear on the main peaks, often in sets of three. The bumps grow into 

fingers and become much sharper, while sharp new structure appears on 

these fingers and on the steep sides of the main peaks. Increasing 

length-scales over which fluxoid quantization is important result in 

structure that varies rapidly over shorter ranges of applied magnetic 

field. 

At voltage levels below a few nanovolts (Figure 5.13c), we see a 

small amount of additional fine-structure, but overall the curves remain 

unchanged. Figure 5.14 shows the results at peak voltage levels of 300 

pV, and 2 orders of magnitude lower, for a field sweep corresponding to 

the first 2 peaks of the high voltage curve (Figure 5.13a). The curves 

are shown for forward and return field sweeps. The picovolt (lower) 

curve took about 40 minutes to sweep forward and back, giving us noise 

fluctuations in the data of less than IpV! The vertical displacement 

between the forward- and return-swept curves, normally not noticed 

because of its small size, is an induced voltage proportional to the 

field sweep rate. This additional voltage must be bucked out by the 

null-detection measurement circuit (thus showing at the output), and does 

not represent a real voltage in the sample. 

It is interesting to note that contrary to what we saw in the square 

array data, the Penrose voltage vs. field curves retain their basic 

structure to the lowest voltages measurable (ie, picovolts). Reasons for 

the different behavior are probably twofold. First, there is no doubt 
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Figure 5.14 - Voltage vs. field for the Penrose at picovolt
levels. Forward and return sweeps are shown, displaced by the induced 
voltage in the detection circuit from ramping the field. 
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that the Penrose is a higher quality sample. It was fabricated using 

direct-write e-beam, employs superior materials (Nb and Au), an 

benefitted from our experiences fabricating earlier arrays (including the 

square, not to imply that it wasn't a good sample!). Secondly, the data 

we have shown for the square array was taken at a temperature that was 

nearly a degree below its transition, so relatively large bias currents 

were necessary for even the lowest voltages. At higher temperatures the 

square array shows more consistent structure to lower voltages (at still 

lower bias currents), but the structure is much less pronounced. At 

lower temperatures critical current variation between junctions may 

become more significant. In any case, the dynamic modes of higher 

voltage levels and fluctuations of higher temperatures both seem to wash 

out the structure associated with longer-range configurational disorder 

and the longer-range geometry of the array. 

We compare our voltage vs. field Penrose results to mean-field 

calculations (see Chapter 3) of the transition temperature vs. applied 

magnetic field for a 301 vertex array by Nori, et al.,1 shown in Figure 

5.13d. Although we cannot compare these two different quantities 

directly, we can make a qualitative comparison of the field

dependencies. In general, the higher the temperature above the 

superconducting-to-normal transition, the larger ;s the resistance of the 

array. Likewise, the further below the transition, the higher is the 

critical current. Thus for a constant current bias and constant 

temperature, the change in the array voltage with incremental change in 

field AV{H) should scale roughly as -ATc(H). 

In Figure 5.13d we plot the mean-field results as 1 -Tc(H)/Tc(O) 
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vs. field H. The main dips, peaks, and substructure match most 

accurately with our intermediate-voltage data, Figure S.13b. The general 

agreement is surprisingly good, considering the calculations ignore the 

effects of fluctuation correlations in determining Te(H), and are only 

qualitatively expected to relate to the dc voltage. At lower voltage 

levels we observe additional structure not seen in the mean-field 

calculations. 

In order to more fully understand the structure in the voltage vs. 

field curves and its development with decreasing voltage levels we have 

performed a Fast Fourier Transform (FFT) on the Penrose data. In Figure 

5.15 we show transforms of high voltage data as in Figure 5.13a, and low 

voltage data intermediate between the curves of Figure 5.15 (b) and (c). 

Peaks in the transform correspond to periodicities in the voltage with 

respect to field, and arise from fluxoid quantization over different size 

sections of the array containing various combinations of adjacent large 

and small cells. The peaks labelled (n,m) correspond to a periodicity of 

one flux quantum to per effective area combination of n large and m small 

cells. 

The lower curve of Figure 5.15, representing the high-voltage 

transform, shows dominant peaks for the single large (1,0) and the single 

small (0,1) area cells. The rapidly diminishing peaks at higher 

effective areas are easily and uniquely matched to low-integer 

combinations of large and small cell areas, with nearly all possible 

combinations present. In the low-voltage transform (upper curve) we find 

enhanced Fourier components corresponding to combinations of m large and 

n small cells such that the ratio min remains close to T. The dominant 
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Figure 5.15 - Fourier transforms of the voltage vs. field curves at 
bias currents of 70pA and 4pA. Peaks labelled (m,n) correspond to a 
periodicity of Ito per area combination of m large and n small cells. 
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peaks (1,0), (2,1), (3,2), (5,3), (8,5), (13,8), ... are labelled by pairs 

of numbers (m,n) that are successive numbers in the Fibonacci sequence, 

and whose ratio approaches 1 as m and n approach infinity. These 

combinations of large and small cells most closely approximate the 

population ratio of large to small cells for the infinite array, and 

therefore occur relatively frequently. Other peaks with mIn close to 1, 

such as (7,4) are also present. Thus we have our most convincing 

evidence for coherence effects over larger distances in arrays, with the 

effective coherence range enhanced at lower voltage levels. 

One final interesting detail of the transform curves is the 

appearance of a peak in the low-voltage data corresponding to an area of 

1/1 (to the left of the (1,0) peak). The peak at (0,1) is still present 

as seen in other transform curves, but is diminished and mostly hidden by 

this new sub-cell area peak. Since there are no cell areas this small 

over which fluxoid quantization can occur, the peak is somewhat of a 

mystery. The phase-coherence may somehow be forcing a mixing of the 

periodic components corresponding to the single large and small cells. A 

physical interpretation of this effect is not obvious, and might be 

worthy of further investigation. 

5.1.4 Checkerboard array 

In order to more clearly distinguish the effect of the two 

irrationally related unit cell areas from that of the quasiperiodic 

geometry, we have fabricated a checkerboard array that has character of 

both the quasiperiodic Penrose and the periodic square. A schematic 

representation of the array, along with a series of voltage vs. field 

curves at decreasing voltage levels, is shown in Figure 5.16. The 
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checkerboard consists of a periodic two-cell basis with the cell area 

ratio chosen to be 1, as in the Penrose. An actual array is pictured in 

Figure 5.17. 

The sequence of curves (a) through (c) for the checkerboard are 

shown for the same voltage levels as those of the Penrose (Figure 5.13 

(a) - (c». The high-voltage curves (a) for the two cases look very 

similar, indicating that this coarse structure arises from the two unit 

cells independent of the geometrical fashion in which they are grouped. 

The similarity at lower voltages vanishes rapidly as the the curves begin 

reflecting the longer-range geometry of the vastly different arrays. The 

checkerboard curve develops evenly-spaced dips corresponding to flux 

quantization in a unit block of the lattice consisting of 1 large and 1 

small cell (Figure 5.16b). At the lowest voltages (Figure 5.16c) we find 

substructure within the evenly-spaced peaks that resemble the dips at 

f= 1/2, 1/3, and 2/3 associated with commensurate flux lattices in 

periodic arrays. In detail, the arrangement of ground-state vortices on 

this array involves a competition between the local geometric frustration 

and the long-range periodicity of the lattice. 

5.2 Resistive transition and phase fluctuations 

So far we have examined the modulation with applied field of the 

voltage (or resistance) in order to probe the effects of coherence range 

and frustration on the static ground-state properties of the array. 

While the magnetic field response of the (dynamic) voltage appears to 

qualitatively reflect the structure found in Monte Carlo simulations and 

mean field calculations of ground-state energies, critical currents, and 
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Figure 5.17 - Electron micrograph of a checkerboard array. This 
sample was fabricated by the etch-gap method with Nb on Au, but was 
subsequently covered with a Au film to increase the coupling strength. 
As a result the square grid of trenches in the substrate from the etching 
step is visible. Vertical and horizontal linewidths and gap sizes are 
identical, despite contrary appearance resulting from the tilted view. 
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transition temperatures, we have gained little insight into the effects 

of fluctuations and phase dynamics in these measurements, and their role 

in the resistive transition in general. The fact that mean-field 

calculations give a fairly good account of the magnetic field dependences 

is an indication that fluctuation-correlation effects may only be 

important in the detailed behavior of the system. 

In order to distinguish a variation of fluctuation effects with 

field we have examined a couple specific instances. While the 

Kosterlitz-Thouless vortex unbinding picture of the resistive transition 

for the square array at zero-field has a great deal of support from 

experimental data (see chapter 2), the nature of the transition for other 

geometries is on less firm theoretical grounds. In section 5.2.1 we 

discuss measurements of I-V characteristics on the Penrose to determine 

whether the KT scenario is born out for the quasiperiodic geometry. Here 

we expect KT behavior at zero-field, and find indications of agreement. 

At finite field we find non-KT-like behavior. In section 5.2.2 we study 

voltage noise on the square array, and find suggestions of Ising domain 

wall excitations near those values of field that produce a vortex lattice 

commensurate with the array. 

5.2.1 Penrose array 

A question of interest for the Penrose array is how does the 

geometry affect the character of the resistive transition, and in 

particular, does the KT vortex picture apply at zero-field? In Figure 

5.18 we show the field-dependent resistive transition for the Nb/Au 

Penrose array. While the curves have differences, they do not differ 
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Figure 5.18 - Resistance vs. temperature for the Penrose array at 
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field curves of Figure 5.10. 
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markedly from the general shape of the resistive transition in square 

arrays. We would expect from general considerations that the Penrose 

should display KT behavior at zero-field as in the square arrays. With 

zero frustration, the inter-island phase-differences for all geometry 

arrays fluctuate about zero -- that value of the phase-differences that 

simultaneously minimizes all the coupling energies. Like the square, the 

Penrose consists of unit loops containing 4 junctions each, whose phase

differences must sum to 2nn. While an individual loop constraint for the 

Penrose is identical to that for the square, the interrelationship of the 

loops is quite different where in the Penrose 3 to 7 loops can share a 

common island. This in general will lead to a geometry-dependent spatial 

correlation of phase fluctuations that could result in a deviation from 

the KT results. However, we expect these correlations to be less 

important over longer range paths where the number of fluctuating degrees 

of freedom becomes large. The lower the density of vortices, the finer 

the lattice looks compared to the inter-vortex spacing, and the closer 

the lattice approximates a continuum. Thus we expect that the KT 

results would be valid for any 2-D geometry in zero-field for low enough 

density of vortex excitations. 

The KT form15 of the resistive transition (R - exp(-b/(T-Te)%) ) 

near Te is such a broad, mushy function that it is often difficult to 

clearly distinguish it from other type of behavior. Complications such 

as vortex pinning and unpinning, finite sample size (which cuts off the 

interaction range of vortices), and array nonuniformities can broaden and 

distort the already feature-lacking R(T) curve. While some researchers 

observe an exponentially activated R(T) at small enough excitation levels 
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(presumably due to residual trapped flux), at higher levels it is not too 

difficult to fit the resistive transition to the KT results over at least 

some temperature range. As Lobb et al. 21 point out, it is not just 

agreement with the KT form that is definitive, but rather detailed 

agreement. We conclude that a comparison to the KT form for the 

resistive transition of real arrays should not be taken as the ultimate 

proof for or against the existence of a KT transition. 

An additional, perhaps more definitive test is to look at the power 

law dependence of the I-V characteristics as a function of 

temperature. 15, 119 The KT theory predicts that for small currents 

V- Ia(T) , where the exponent aCT) decreases monotonically with 

increasing temperature and jumps abruptly from 3 to 1 as T passes through 

the Kosterlitz-Thouless transition temperature T •e 

In Figure 5.19 we show a typical I-V for our proximity-coupled 

arrays, and in Figure 5.20 we plot aCT) for the Penrose at zero-field and 

at the field corresponding to the third (and maximum) peak in the V(H) 

curves. Here again we find the samples behaving less than ideally. The 

slope of the log I vs. log V curves was found to vary with voltage 

level. We show aCT) determined at voltage levels of 100pV and InV. The 

zero-field pOints all fall roughly along the same curve regardless of 

voltage level, while the 3rd-peak field pOints were found to follow two 

separate curves with the lower voltage exponent generally smaller at the 

same temperature. The zero-field results do not show the predicted 

discontinuous jump from 3 to 1 in a{T), but do show a somewhat abrupt 

change in rate of decrease of aCT) with increasing temperature at 

aCT) = 3. Since our system is relatively small (- 200 x 200), we would 
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expect finite-size effects to broaden the jump. Thus we view this data 

as generally consistent with our expectations of KT-like behavior at 

zero-field, but not conclusive. The finite-field curves show more 

complex behavior that is not presently understood. 

5.2.2 Square array 

Perhaps a more fruitful approach to studying the effects of 

fluctuations is to measure temporal fluctuations of the system directly. 

Figure 5.21 shows the rms noise voltage vs. temperature across the square 

array for zero applied field and zero bias current. Here we see the 

voltage noise is also a useful probe of the resistive transition, scaling 

roughly with the resistance (a d.c. measurement), but containing new 

information on the dynamics. The voltage noise represents fluctuations 
. 

in the ~/s, and should provide a tool for distinguishing different types 

of excitations as well as the dynamical modes of the current-biassed 

array. 

In Figure 5.22 we display a set of voltage noise vs. field 

measurements made on the square array illustrating a changing behavior 

with increasing bias current that is not readily detected from the d.c. 

voltage measurements. At low bias current levels the voltage noise 

scales with the voltage, with dips occurring at low rational values of 

f. As the bias current is increased, however, excess noise appears at 

those values of field producing commensurate vortex lattices, and the 

dips in the voltage noise evolve into peaks (Figure 5.23). Meanwhile, 

the structure in the voltage curves has remained essentially unchanged, 

with only a slight decrease in the relative depths of the dips. 
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We interpret this excess noise as a possible indication of the 

presence of additional Ising domain wall excitations (Figure 3.18) 

associated with the multiple ways of configuring a given commensurate 

vortex lattice. The f=1/2 case can be pictured as a checkerboard in 

which the vortices of one region are located on the black squares, while 

those in another region are found on red squares, with the Ising domain 

wall represented by the defect line separating these regions of different 

chirality. These extended excitations have much lower mobility than 

vortices, and probably remained pinned until the excitation bias current 

is large enough to free them. Thus, the excess noise at higher bias 

current is believed due to the driven motion of these excitations, adding 

to the always present vortex noise. Note that these excitations will 

only exist near fractional values of f. We do not observe this excess 

noise for integral values of f where the configurational degeneracy does 

not exist. 
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Chapter 6 


RESISTIVELY-SHUNTED-JUNCTION ARRAY SIMULATIONS 


6.1 Introduction 

Direct comparison of theory and experiment involving arrays have 

been of a rather limited nature to date. Theorists often calculate 

quantities that are difficult or impossible to measure: heat capacities, 

helicity moduli, ground state energies, and other thermodynamic or static 

properties. Meanwhile the experimentalists are usually measuring dynamic 

electrical transport properties where perturbing currents and fields give 

rise to phase evolution -- vortex motion -- which is detected as a 

voltage. The hope then is that the dynamic behavior -- such as V{H) for 

a given temperature and current bias -- will somehow reflect the static 

properties -- such as the ground state energy Eg{H) or the phase boundary 

Te(H). The connection is often vague, if not outright tenuous. 

The issue of dynamic behavior in arrays has largely been avoided in 

the past, possibly due to a scarcity of viable models (or perhaps a fear 

of the seemingly complex); none-the-less, dynamics have important 

consequences for most measurements and should not be ignored. As an 

example, Te(H) of aluminum wire micronetworks is typically measured (at 

current bias levels of several microamps) by sweeping the field while 

continually adjusting the temperature to maintain the sample resistance 

in mid-transition at 1/2 its normal-state resistance (typically a few 

ohms). Researchers investigating a network consisting of equally-spaced 

horizontal wires and quasiperiodically-spaced vertical wires were 
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surprised to obtain markedly differing Te{H) curves depending on along 

which direction the current was injected. 120 Thus even network 

measurements, which have been extolled as simpler to understand and more 

likely to fit mean-field calculations, are susceptible to dynamical 

effects. 

In order to better understand the relationship between static 

properties, such as the ground-state energy, and dynamical quantities, 

such as the voltage, we have begun a series of computer simulations of 

the RSJ model for small square arrays of typically less than 20 cells. 

Previous studies of small arrays have been limited to the d.c.-SQUID 

(see references of chapter 3), 3-junction interferometers,121 single 

rings containing 3 or more junctions,122-124 and linear arrays of 

coupled junctions. 125 ,126 We show here some preliminary results for 

symmetric (identical critical currents, normal-state resistances, and 

inductances for all links), overdamped (capacitance ignored), low-p 

arrays. More recently we have been incorporating fluctuation effects 

such as Johnson noise, and disorder in such quantities as cell areas and 

critical currents. Ideally one would like to extend dynamical studies to 

very large arrays, but first we need a more tractable model of dynamics 

or more powerful computers. As it commonly happens, our study began with 

30 second runs on an IBM PC using Lotus-123 but quickly escalated to 

several-hour runs on an FPS-264 array processor. 

6.2 Method 

Our approach is to solve the RSJ equations as discussed previously 

in the section of Chapter 3 on SQUIDs, and summarized in Figures 3.9 and 
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3.11. The basic idea is to satisfy current conservation at every node, 

fluxoid quantization around every loop (cell), and the Josephson 

equations at every junction. 

Several typical array configurations are shown in Figure 6.1. Each 

weak-link pictured represents an inductance LJ in series with a Josephson 

element that is shunted by a resistance R. The loops on the upper and 

lower ends of the array contain only three junctions (and likewise only 

three inductors) while all the others contain four. This boundary 

configuration was chosen because it corresponds to the experimental one. 

Since the horizontal terminating strips at the ends of the array are wide 

compared to the line widths in the array, it is not unreasonable to 

ignore their contribution to the inductance of the boundary loops. 

A constant current bias is injected in through the top terminal 

strip and exits through the bottom. The total current distribution in 

the array can be decomposed into a circulating current associated with 

each loop and a d.c. component from the current bias, which for a 

symmetric array splits evenly among all the vertical paths. Then each 

weak-link can have up to three contributions to its total current: the 

current bias, circulating current from the loop on the right (or above), 

and circulating current from the loop on the left (or below). 

Likewise each loop sees a total flux consisting of the applied flux 

and that generated from its inductors by the circulating currents of 

itself and all nearest-neighbor loops. The internal flux ~i in the ith 

loop from circulating currents J j can be expressed in terms of an 

inductance matri x Lij : 

(6.1) 



1x2 2x2 3x2 4x2 


1x3 2x3 3x3 4x4 


Figure 6.1 - Schematic of small arrays for RSJsimulations. Each 
weak-link symbol represents an inductance in series with a resistively
shunted junction. 

144 




Here we ignore mutual inductances between inductors in the same and 

other loops for simplicity, and because we are mainly interested in the 

small ~ results. For larger ~ (inductance), they can and should be 

included. 

It is convenient to express the RSJ equations for the array in terms 

of dimensionless quantities. aS The circulating currents and current bias 

per vertical path are normalized by Ic' The inductance per link is given 

by ~J=2~LJIc/to' so that when multiplied by a normalized current gives 

the internally generated flux directly as a phase contribution. 

Similarly the externally applied flux is converted to a phase 

contribution by normalizing to to/2~. Finally, voltages are expressed in 

units of IcR, while dimensionless time is given by r=t/(to/2~IcR). 

The normalized equations are then solved as follows: 

1.) Begin by choosing a set of (random) initial phases. This will 

determine the supercurrent through every link (=sin~, normalized). 

2.) Solve for a distribution of circulating currents such that the phase 

constraint (fluxoid quantization) is satisfied: 

(sum of phases around loop) = -(total flux enclosed). 

Thus if the sum of the phases is not equal to minus the applied flux in a 

given loop, we will need additional flux from circulating currents to 

make up the difference. Equation (6.1) can then be inverted for the 

required Jj's, where the ti's represent the mismatch flux needed. 

3.) Find the voltage across each junction, given by the normal current 

through each shunt resistance (normal = total - super). The total 

current through a link is obtained by adding any bias current present to 

the relevant circulating currents found in (2) above. 

14S 




4.) Time-step the phases to obtain new phases, and loop back to (2). 

The time derivatives of the phases are just the voltages found in (3) 

above. We employ a 4th-order Runge-Kutta algorithm here, and all 

calculations are performed in double-precision. 

While we are time-stepping the equations we can keep track of 

individual or summed phases, currents, voltages, and energies, and their 

spatial and temporal correlations. The basic input parameters include: 

numbers of cells in width and length, applied flux f, inductance Pj , 

current bias per vertical junction, time-step interval, and initial 

phases. 

6.3 Results and Discussion 

In Figure 6.2 we compare the zero-bias-current Josephson coupling 

energy versus flux with the d.c. voltage versus flux at a current bias of 

about 0.4, for several arrays of dimension n-by-2. The energies are 

obtained by randomly initializing the phases, allowing the phase time

derivatives (voltages) to pass through a transient and decay to zero, and 

then summing -cos~ over all the junctions of the array. When P is ofJ 

order unity, the magnetic field energies associated with the circulating 

supercurrents are comparable to the Josephson coupling energies, and one 

may want to include these in any energy plots. However, since larger 

circulating currents correspond to higher coupling energies, the shape of 

the curves will remain basically the same. (A third energy of relevance 

when there is a bias current present is the electrical work done by the 

source when the phase difference across the whole array changes: 

W= (+o/21£)I~array ). 
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147 




At zero applied flux the phases are all zero, and the array coupling 

energy is the lowest it can ever be, -1 times the total number of 

junctions, corresponding to a zero-vortex configuration. As the flux is 

increased, some or all of the phases must readjust so that each loop 

phase-sum remains equal to minus the enclosed flux (modulo 2~), and the 

energy increases. Meanwhile, there are other vortex configurations 

arising from the "modulo 2~" degree of freedom in the loop phase

constraint. For a given applied flux the loop phases can either cancel 

the flux phase contribution to yield a loop vorticity of zero, or add to 

give a vorticity of one. While the zero-vortex configuration is rising 

in energy with increasing field, other one-vortex solutions are 

decreasing. The initial-phase space for "capturing" the zero-vortex 

solution decreases in size as its energy increases, while the one-vortex 

solutions are observed more and more frequently as their energies 

decrease. Eventually the increasing-energy solutions become unstable as 

the capture-space for them vanishes. For a given field and randoR~y 

chosen initial phases, the lowest-energy vortex configurations are 

generally observed the most often. 

A blowup of the 4x2 coupling-energy curve is shown in Figure 6.3a, 

where we label the branches corresponding to different numbers of 

vortices in the array. Figure 6.3b illustrates the vortex configuration 

and current directions for the two branches corresponding to 4 vortices, 

and differing in energy by one unit at f=I/2. 

The voltage curves of figure 6.2 are obtained by initializing with 

random phases, evolving the RSJ equations through the initial transient 

until they have settled into a definite mode, and then time-averaging the 
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voltage oscillations for typically 1000 time units (20,000 time-steps), 

repeating the procedure for each value of applied flux. The time-step 

used is normally 0.05 or less (for ~J=0.05), so that each phase 

propagates a small fraction of 2~ per step for junction voltages of order 

unity or smaller. We find that often a much larger value for the time

step can be used with no perceptible changes in the curves. 

A few comments concerning the method are in order here. First, we 

note that while we are mainly interested in the small ~J limit, it is the 

non-zero inductance that allows the method to work at all. As ~J is 

decreased, the circulating currents needed to generate flux in keeping 

with the phase constraint become very large (for an arbitrary set of 

phases). Then the voltages across the resistors, and thus the phase 

derivatives, also become very large. Thus it is necessary to take 

smaller time-steps in order to remain anywhere near the exact trajectory 

through the many-dimensional washboard potential. The circulating 

currents not only propel the phase-particle along the correct path, but 

provide a restoring force should the particle be found astray. If the 

restoring force ever becomes large enough to correct the trajectory 

"errors" in less than a time-step, the method is in trouble! 

Second, we note that on starting the trajectory we always demand 

that the randomly chosen phases and the resultant circulating currents 

satisfy the zero-vorticity loop constraints, when often a one or minus

one vorticity constraint for some of the loops would result in a lower 

voltage transient response. Thus it is conceivable that we are making it 

more difficult, or impossible, to observe certain trajectories or certain 

static configurations. 
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The voltage curves versus flux generally show similar structure to 

that of the coupling energy curves, with minima in the voltage 

corresponding to minima in the energy, but shifted by the bias current 

and the detailed dynamics. The voltage trajectories in the tilted 

multidimensional phase-space washboard potential typically pass through 

or near those deep wells of the untilted potential that represent the 

lowest energy static solution. The deepest wells when tilted tend to 

have the steepest incline on entering and flattest on exiting, giving 

rise to the largest swings in instantaneous voltage, but the lowest time

averaged voltage. Just as with the d.c. SQUID the the phase particle 

spends relatively long periods of time on the flat at low voltage, and 

very minimal time racing down the steep at high voltage. 

Both energy and voltage curves show the same dependence on array 

width; that is, more cells wide give additional minima as phase coherence 

couples more and more cells. Structure due to the length dimension of 

the arrays tends to wash out as the arrays are made much longer. Larger 

arrays such as the 3x3 in Figure 6.4 and the 4x4 in Figure 6.5 show 

increasing numbers of vortex configurations with coupling energies close 

to each other and the minimum curves, as is common in frustrated systems. 

Besides having several possible static vortex configurations at a 

given field, one also can have multiple dynamic modes -- different 

trajectories down the washboard potential. Figure 6.6 illustrates such 

a case for the 2x3, showing the time-dependent voltage across the array 

in the different modes. 

Figure 6.7 illustrates the development of features in V vs. f of a 

lx3 array as the bias current is increased. At low bias most of the 
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initial phases result in a static zero-voltage state. At higher bias 

interesting transformations occur in the structure. The dip at f=1/2 

becomes a small localized peak before all of the structure eventually 

washes out by at the highest bias of 1=1.0. At a bias of 0.6 (see Figure 

6.8) we see two distinct modes below about f=0.4, but between 0.4 and 

about 0.46 the points are scattered. Upon examining the voltage vs. time 

(Figure 6.9) we find well-behaved, periodic modes on either side of the 

scatter region, but an aperiodic, possibly chaotic125 ,126 solution in the 

middle of the region. The array appears to be constantly switching 

modes. Decreasing the time-step results in a different curve if one 

looks far enough ahead in time. Increasing the bias current a little 

gives a well-behaved V{f) curve again. 

Thus complicated dynamical behavior can be found in these 

conceptually simple simulations. Although the simulations shed light on 

the relation between statics and dynamics, they still have left several 

questions unanswered. In particular, it is not yet apparent if they can 

explain the results of our R vs. f measurements on the ladder arrays. 

Also, the sub-structure in the V vs. f curves of the simulations 

disappears near a bias current of 1.0, a factor of 3 or so above where a 

voltage first appears. In our arrays the current bias can range over 

decades and we still observe a magnetic field response. This can 

probably be explained by the fluctuations in the array that are ignored 

in the simulations. We are presently working on incorporating thermal 

noise and disorder into the simulations in the hope of gaining new 

insight. Noise can cause dynamic mode switching between nearby washboard 

trajectories, and mode switching in turn may give rise to additional 
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noise. Measurements on small arrays of the same dimensions should 

provide more relevant data for comparison with our simulation results. 
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Chapter 7 


FUTURE DIRECTIONS 


Present studies have only begun to scratch the surface in terms of 

understanding the detailed behavior of arrays of weak links. While the 

single weak link is more-or-less understood, the collective response of 

just a few interconnected junctions can become very complex. Effective 

interactions extending over differing length-scales can give rise to a 

variety of behavior. The transformation from the behavior of the few, 

where the detailed nature of any given bond plays an important role, to 

the behavior of the many, where averaging effects simplify the 

description, is a significant theme with consequences abounding in modern 

solid state physics. 

Custom-taylored arrays should continue to provide a versatile means 

of investigating such trends, along with other physical phenomena in 

lower-dimensional systems. New geometries give rise to new behavior and 

further tests of theoretical methods to describe that behavior. One can 

investigate the cross-over from 1-0 to 2-D to various fractal 

dimensionalities in between. Percolation problems can be studied. 

Randomness in the coupling or area can be progressively added in order to 

more closely approximate the disorder of real systems, or left out to 

simplify analysis. Phase-coherence, frustration, and commensurate

incommensurate effects are all topics for further investigation. 

One important aspect of arrays that has been neglected in the past 

and needs further work is dynamics. Very little theoretical work has 
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been done along these lines. Computer simulations such as the ones begun 

here need to be developed further for comparison to measurements of real 

arrays (currently being pursued in our lab). As we have seen, it is not 

at all clear that the our simplified RSJ model simulations will agree in 

detail with array measurements. A working model of dynamics is 

necessary if we are to understand in detail the myriad of observed 

behavior. Experiments that could provide a local picture of vortex 

configurations and dynamic modes would yield valuable information for 

debugging models, but are difficult to achieve because of the small 

currents and relatively high frequencies involved. 

The manifestation of fluctuation effects in different geometries and 

at different fields is also a topic of great interest. While the 

Kosterlitz-Thouless theory of vortex unbinding appears to be a valid 

picture for the resistive transition at zero field, the nature of 

fluctuations at finite fields is at present unclear. It would be 

interesting to learn specifically in what way fluctuations modify the 

dynamic behavior of arrays, and how fluctuations and/or dynamics limit 

the effective range over which coherence effects are seen. Much of this 

could be learned from a working model of array dynamics. Measurements of 

the a.c. properties and frequency response of arrays should provide 

additional data for analyzing the dynamics. 

Along these lines it might be interesting to look for chaos effects 

in arrays (and array simulations). Coupled, non-linear differential 

equations (with several degrees of freedom) often show such behavior. 

One might also hope to observe or demonstrate low frequency 

Josephson oscillations. We note that at the picovolt levels of some of 
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our measurements, the Josephson frequencies are under a kilohertz. If we 

further assume the voltage is distributed over the hundreds or thousands 

of junctions along the length of the array, then these frequencies are 

even smaller. While phase (and voltage) fluctuations will obscure the 

oscillations, it should be possible to devise a way to couple to them. 

Finally, we mention that thin films of the new ceramic 

superconductors behave as weakly-coupled superconducting grains, which 

may be modelled by superconductor arrays. One might study the 

anisotropy by weakening the bonds along a given direction. 

The study of arrays is a fascinating and fruitful endeavor. 

However, one should be aware that the parameter space for creating an 

array, and the experimental phase space for investigating it, are huge. 

Therefore it is important that one creatively narrow this vast 

playground of physical phenomena in order to systematically isolate those 

concepts of interest. 
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